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Rigorous upper and lower bounds on the effective electrical conductivity o * of a two-phase
material composed of equi-sized spheres distributed with an arbitrary degree of impenetrability in
a matrix are obtained and studied. In general, the bounds depend upon, among other quantities,
the point/n-particle distribution functions G {”, which are probability density functions
associated with finding a point in phase / and a particular configuration of n spheres. The G {” are
shown to berelated to thep,,, the probability density functions associated with finding a particular
configuration of » partially penetrable spheres in a matrix. General asymptotic and bounding
properties of the G {” are given. New results for the G \” are presented for totally impenetrable
spheres, fully penetrable spheres (i.c., randomly centered spheres), and sphere distributions
between these latter two extremes. The so-called first-order cluster bounds on o * derived here are
given exactly through second order in the sphere volume fraction for arbitrary A (where A is the
impenetrability or hardness parameter) for two different interpenetrable-sphere models.
Comparison of these low-density bounds on ¢ * to an approximate low-density expansion of o *
derived here for interpenetrable-sphere models, reveals that the bounds can provide accurate
estimates of the second-order coefficient for a fairly wide range of A and phase conductivities. The
results of this study suggest that general bounds derived by Beran, for dispersions of spheres
distributed with arbitrary A and through all orders in &,, are more restrictive than the first-order
cluster bounds for 0<A < 1; with the two sets of bounds being identical for the case of totally
impenetrable spheres (1 = 1). For most values of A in the range 0<A < 1, however, the numerical

differences between the Beran and cluster bounds should be small; the greatest difference
occurring when 4 = 0. The analysis also indicates that the cluster bounds will be easier to
compute than the Beran bounds for dispersions of partially penetrable spheres.

I. INTRODUCTION

The degree of the connectivity of the constituent phases
may greatly influence the transport properties of two-phase
disordered materials (e.g., composite and porous media),
particularly when the phase properties differ significantly.!
For example, the pronounced decrease of the electrical resis-
tivity of a compacted mixture of silver particles and Bakelite
powder near 30% by volume of silver occurs because the
more conductive phase changes from a dispersed phase to a
continuously connected one.? Percolation theory provides a
useful conceptual framework for interpreting the morpho-
logy and transport properties of two-phase composites in
which one phase is infinitely conducting relative to the oth-
er.””?

In this paper it is desired to estimate the effective electri-
cal conductivity o * of two-phase media composed of a parti-
culate phase of variable connectivity dispersed throughout a
matrix (e.g., dispersions,” sandstones,** sintered materials,*
and unglazed ceramics*) for any phase conductivity ratio.
Equi-sized spheres distributed with an arbitrary degree of
impenetrability in a matrix represent a reasonable model of
such a medium. The degree of impenetrability may be char-
acterized by some parameter A whose value varies between
zero (in the case where the sphere centers are randomly cen-
tered, i.e., “fully penetrable spheres) and unity (in the in-
stance of totally impenetrable spheres). The degree of con-
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nectivity of the particle phase is obviously dependent upon
the degree of impenetrability A. For example, for fully pene-
trable spheres (4 =0) and totally impenetrable spheres
(4 = 1), the particle phase percolates (i.e., a sample-span-
ning cluster appears) at a sphere volume fraction of approxi-
mately 0.3% and 0.64,” respectively. The conductivities of
such models of disordered composite media shall be estimat-
ed employing rigorous bounding techniques. Bounds on o *
are desirable since (i) comparison with bounds allows one to
test the merits of a theory and (ii) bounds can provide useful
estimates of o * even when the phase conductivities widely
differ.® It should be remembered that all results obtained
here will apply also to the thermal conductivity, dielectric
constant, magnetic permeability, and diffusion coefficient
associated with heterogeneous media. Examples of materials
(characterized by a connected particle phase) for which it is
desired to predict such properties include foams,? polymer
blends,'® and cermets (ceramic—metal mixtures).!?

This is the third in a series of studies of the bulk proper-
ties of two-phase disordered media. In the first paper,'?
(hereafter referred to as I), a cluster expansion for the di-
electric constant or, equivalently, electrical conductivity, of
a dispersion of penetrable spheres was obtained. Rigorous
bounds and an approximate expression for the effective
property were derived in the subsequent paper'? (hereafter
referred to as IT) through second order in the sphere volume
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fraction and for arbitrary A for a particular interpenetrable-
sphere model.

In Sec. II, formal nth-order cluster bounds on o * are
derived using classical variational principles for media com-
posed of spheres distributed with arbitrary A in a matrix.
First-order cluster bounds are then explicitly expressed in
terms of integrals that involve, among other quantities, cer-
tain statistical distribution functions, G (¥ and G {*. The
point/n-particle distribution function G ” is the probability
density associated with finding a point in phase i and a parti-
cular configuration of n spheres. In Sec. III, the G {” are
rigorously defined and some of their general properties are
described. Among other results, the relationship between
the G{” and the more fundamental n-particle probability
densities p, (defined in the text) is given here for a distribu-
tion of equi-sized spheres of variable impenetrability. Gen-
eral rigorous upper and lower bounds on the G ¢ are pre-
sented. Some new results for the G {” for the extreme cases of
totally impenetrable spheres and fully penetrable spheres are
given. The exact density expansion of G {” and G {”, through
second order in the number density p, is then derived for the
permeable-sphere'* and penetrable-concentric-shell’?> mod-
els. In Sec. IV the first-order cluster bounds on o * are given
exactly through second order in the sphere volume fraction
for both of the aforementioned interpenetrable-sphere mod-
els for arbitrary values of the impenetrability parameter 4.
An approximate expression for the low-density expansion of
o * for dispersions of penetrable spheres is derived. The low-
density bounds described above are found to be in good
agreement with the approximate expansion for a wide range
of A and phase conductivities. Lastly, in Sec. V the main
results of this study are briefly summarized.

Il. NEW VARIATIONAL BOUNDS

Consider a statistically isotropic two-phase medium of
volume V composed of ¥ equi-sized spheres of conductivity
o, dispersed throughout a matrix phase of conductivity o,.
The volume fraction of matrix and spheres is ¢, and ¢,
(=1—¢,), respectively. The spheres are distributed with
an arbitrary degree of impenetrability A, 0<A<1, where
A = Ocorresponds to fully penetrable spheres and A = 1 cor-
responds to totally impenetrable spheres. Examples of
sphere distributions involving values of 4 that lie between 0
and 1 are the permeable-sphere (PS)!* and penetrable-con-
centric-shell (PCS)'? models. Employing classical vari-
ational principles,'® a new set of rigorous upper and lower
bounds on the effective conductivity of such a composite for
arbitrary A is derived here.

A. Formal nth-order cluster bounds
1. Principle of minimum potential energy

Let the average of the trial electric field ( ﬁ(r)) (where
angular brackets denote an ensemble average and r is a field
point) be required to equal the average of the actual electric
field (E(r)). Let

U= }{o(r)E(r) - E(r)), 2.1

where o'(r) is the local conductivity. Then among all irfota-
tional trial electric fields, the field which makes o(r)E(r)
solenoidal is the one that minimizes U and is unique.
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This principle is general and hence applies to composite
media of arbitrary microgeometry. The condition on the tri-
al electric field implies that the tangential component of E
must be continuous across surfaces of discontinuity in the
medium (i.e., at the particle-matrix interface for the specific
geometry considered here). At its minimum value the total
energy U is given by

U=1o*(En) - (Er), (2.2)

where o * is the effective electrical conductivity. Applying
the principle of minimum potential energy and Eq. (2.2)
yields the following rigorous upper bound on the effective
conductivity:

(o E-E)
ag *Q—A—-—A— .

(E) - (E)
For a dispersion of N equi-sized penetrable spheres of

radius R, the electric field at r can be expanded in a cluster
expansion of the form'%:

E(r) = (E(r)) + EV(r) + E@(r) + - (2.4)

The k th-order term E® is the contribution to E that ac-
counts for intrinsic k-body interactions and therefore in-
volves a sum over k-tuplets of particles.'> We require that
(E®) =0 for all k>1. The E® are derived from I by ob-
taining the cluster expansion of Eq. (2.10) of this reference
and eliminating the applied field E, in favor of the average
field. If this is done then the average of E® will be zero for
all k. For example, from Eq. (2.22), it is obvious that
(E") = 0. Clearly, all the quantities in Eq. (2.4) depend
upon the positions of the N spheres of the system.

An allowable trial function based on Eq. (2.4) is the
following:

(2.3)

Em)=(E)+ > Y EX(r). (2.5)
k=1

In Eq. (2.5) the quantities ¢, are constant multipliers which

are to be chosen as to minimize the upper bound (2.3). Sub-

stituting Eq. (2.5) into upper bound (2.3) and setting do */

b = 0, where  is a column vector whose elements are given

by ¥y, gives that

VIwW-ly

(E) - (E)
Here V7 denotes the transpose of the column vector V whose
elements are given by

Vi = (E) - (0 E®), 2.7

and W™! denotes the inverse of the matrix W whose ele-
ments are given by

W, = (c E® .E®), (2.8)

Upper bound (2.6) is exact through nth order in the sphere
volume fraction ¢,, since it is based on the exact solution of
the electrostatic field equations for » interacting spheres.
Accordingly, this is referred to as an nth-order cluster upper
bound. Note that V, Eq. (2.7), and W, Eq. (2.8), depend not
only upon field quantities but, as a result of ensemble averag-
ing these many-body functions, statistical quantities which
characterize the spatial distribution of the inclusions. In gen-
eral, it can be shown that the ath-order cluster upper bound

o*<(o) — (2.6)

J. Chem. Phys., Vol. 84, No. 11, 1 June 1986

Downloaded 15 Oct 2010 to 128.112.70.131. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



S. Torquato: Two-phase disordered media. ili 6347

Eq. (2.6) depends upon the sets of distribution functions p,
Parees Pon— 15 P2ny AMA G, G2, G2, G2 defined in
the subsequent subsection. This, however, shall not be dem-
onstrated here for arbitrary n.

2. Principle of minimum complementary potential
energy

Let the average of the trial current field (j (r)) be re-
quired to equal the average of the actual current field
(J(r)). Let

T=(Jr) - J(r)/o(r). (2.9)

Then among all solenoidal trial current fields, the field
which makes J(r)/o(r) irrotational is the one that mini-
mizes T and is unique.

The condition on the trial current field implies that the
normal component of J must be continuous across surfaces
of discontinuity in the medium. At its minimum value the
total energy T is given by

T=( - - J)/o* (2.10)

The use of the principle of minimum complementary poten-
tial energy and Eq. (2.10) gives a rigorous lower bound on
o *, namely
) -9
o*p—— .
{(c7J-J)
For a composite medium composed of penetrable

spheres dispersed throughout a matrix, an allowable trial
current field is given by

(2.11)

Jo =@+ 3 030,

k=1
As in the case of the trial electric field, the quantity J is
derived from the exact solution of the electrostatic field
equations for k interacting spheres. We require that
(3) = 0for all k> 1. Substitution of Eq. (2.12) into lower
bound (2.11) and setting do */de = 0, where @ is a column
vector whose elements are given by @, yields that

XY-Ix\!
(I - (I
Here X" denotes the transpose of the column vector X whose
elements are given by :

X, = () - I®/a) (2.14)

and Y ! denotes the inverse of the matrix Y whose elements
are given by

Ykl = <J(k) . J(')/0'>. (2.15)

Lower bound (2.13) is referred to as an nth-order cluster
lower bound since it is exact through nth order in ¢,. The
averaged quantities X and Y depend upon functions which
statistically characterize the medium. The nth-order cluster
lower bound (2.13) also can be shown to depend upon the
sets of distribution functions p,, p,..., p2,, and G §, G {¥,...,
G 1, G5,

B. Explicit first-order cluster bounds

(2.12)

a*}[(l/a)— (2.13)

Here explicit expressions for first-order cluster bounds
on o * are derived. Setting n = 1 in Eqgs. (2.6) and (2.13)
gives, respectively,

(TEV) . (o E“))
o"‘<[(0’) - (0 EV . ED) (2.16)
and
(J(l)/o.) . (J(l)/o.) -1
g *>[(1/a) - T 10 . 2.17)

The local conductivity may be expressed in terms of the
characteristic functions of the phases, i.e.,

o(r) =g r) + o I ?(r)

=0, + (0, — o) (), (2.18)
where
) 1, reD,
IO(r) = { o (2.19)
0, otherwise, i=1,2

and D, and D, are the regions of space occupied by matrix
and particles, respectively. For NV overlapping spheres of ra-
dius R centered at positions rV=r,,r,,...,Iy, respectively, it

has been shown that'®

N
I =TI [1 —m(x)] (2.20a)
i=1
N N
=1-3 m(x;)+ Y m(x)m(x;)
i=1 i<j
N
— > mx)Im(x)m(x) + -,  (2.20b)
icj<k
where
1, r<R,
m(r) = [o, r>R (221
and
x =[r—r]

For n =1 the trial fluctuation fields E* and J*" are
easily obtained from the one-sphere electrostatic boundary-
value problem. Specifically, for an inhomogeneous system of
N spheres, one has

N _ —
Em(l';l’N) = Z K(x;) - (E) —Jdrlpl(rl)K(xl) - (E)

i=1

(2.22)
and
N — —
(5% = 3 M) - (E) - [ drypuroFice,) - (B),
i=1
(2.23)
where K and M are the single-body operators'?
BR® ...
- 3t — U], R,
Rey=| 7 L=V > (2.24)
_BU’ r<R9
2PR? 3%y R
Mey={" 7 ! L >R, (2.25)
20, BU, r<R,
= %"% (2.26)
o, + 20,

X =r —r;, r=|r|, # =r/r, and U is the unit dyadic. In the
volume integrals of Egs. (2.22) and (2.23) the quantity p, is
the one-particle density function defined below.
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It remains now to substitute Eqgs. (2.18), (2.20),
(2.22), and (2.23) into the bounds (2.16) and (2.17) and
obtain the necessary ensemble averages. Let F(r") denote
any many-body function. Then the ensemble average of F is
given by

(F(r™)) = f deF(W)PN(rN),

where dr¥ =dr,,.-,dry and P, (r") dr” is the probability of
simultaneously finding the center of particle 1 in volume dr,
about r,, the center of particle 2 in volume dr, about r,...,
and the center of particle N in volume dr, about ry. It is
convenient to introduce the reduced n-particle probability
density P, (r") defined by

P, (r) =f...fdr,,+, o dry Py (PY).

Let
P (1) = [NV/(N —n)]P,(r"). (2.29)

Then p,, (r") dr” is the probability that the center of exactly
one (unspecified) particle is in volume dr, about r,, the cen-
ter of exactly one other (unspecified) particle is in volume
dr, about r,, etc.

The ensemble averaged quantities of Eqgs. (2.16) and
(2.17) for isotropic media are, after some algebraic manipu-
lation (see Appendix A), given by

<0'> =0, + ¢2(0'2 —0y),
(1/0) =1/0y + ¢,(0, — 0,) /0,05,

(2.27)

(2.28)

(2.30)
(2.31)

1
(0 E") = — 47B(0, — 0,)(E) J. dz 22H ¥ (2),
0

(2.32)
o, —0 !
(J‘”/a)=81rﬂ( : 2) (E)j dz 2H P (2),
o o
: (2.33)
(o EV. EM)
L =g A+ (0, — 0,)B, (2.34)
BXE)-(E) ' 2
JV.JVe) C | (0y—0,)
—_——=—4+ 12" D, (2.35)
BZ<E> * (E> 01 0’10’2
where
A=A,+A4,+ A4, (2.36)
B=B,+ B, + B;+ B, (2.37)
C=2Al +4A2 +A3, (2-38)
D=4B,+ B, + 4B, + B,, (2.39)
A, =37, (2.40)
9 1 1 1
A2=——772f dzzzf dyyzf du h(x), (2.41)
2 o 0 -1
o0 o0 1
A3=9n2f fl-z-f ‘—Qf du h(x)P,(u), (2.42)
1 ZJA Y J-1
1
B, =317f dz G (P (2)/p, (2.43)
0
_ “dz 0o
B, =6n \.2—4G1 (2)/p, (2.44)
1

1 1 1
=27 [ &z fo vy [ duQuyarp, 245)
0 -1

© © 1
B, =979 J _d_zJ' Qf du Q(y,z)P,(u)/p%
1 20y J-t
(2.46)
and

Q(y,2) = G (v,2) —pG P () —pG V(2) + p’4s.
(247
Here the sphere radius R is taken to be unity, p = N /V'is the
number density, 7 = pV), is a reduced density, ¥V is the vol-
ume of one sphere, P,(u) is the Legendre polynomial of or-
der 2 [not to be confused with the reduced two-particle
probability density of Eq. (2.28)],

2 2
g Ytz =X (2.48)
2yz
and
x=|y—1z|

Moreover, the quantity G (r**') dr,,dr;,....dr, , | gives
the probability of finding phase / at r,, the center of one
(unspecified) particle in volume dr, about r,, the center if
another (unspecified) particle in volume dr, about r;, etc.
Weissberg and Prager'” introduced G { and G §" in the re-
lated problem of determining the effective viscosity of a sus-
pension and evaluated these quantities for a geometry of ful-
ly penetrable spheres. This appears to be the only model
microstructure for which the G{” have been evaluated.
These statistical quantities, which shall be referred to here as
point/n-particle distribution functions, are studied in some
detail in the subsequent section. For statistically homogen-
eous and isotropic media, G{’(r,r,) =G {’(r;,) and
G (rror3) = G5 (rpprysky, - £13), wherer; = [r, — 1|
and f; =r,/r;. The function H {"” appearing in Egs. (2.32)
and (2.33) is trivially related to G{” through Eq. (3.15).
The quantity 4 (x) appearing in Eqs. (2.41) and (2.42) isthe
total correlation function and is related to the radial distri-
bution function g(x)=p,(x)/p? i.e.,

h(x) =g(x)—1. (2.49)

In the limit x— o0, ~—0, assuming the system does not pos-
sess long-range order. In Appendix A the steps leading to
integrals (2.41)-(2.46) are outlined.

Weissberg'® actually was the first to employ trial fields
based upon the solution of the single-body electrostatic
boundary-value problem. He did so to obtain an upper
bound on o * for the specific model of a bed of perfectly
insulating fully penetrable spheres (a =0, where
a = o,/0,). Weissberg did not need to compute the lower
bound on ¢ * since it vanishes in this case. Since Weissberg
had the geometry of fully penetrable spheres specifically in
mind he did not bother to express ensemble averages in
terms of the general statistical quantities 2(x), G {2’ (x),and
G {?(y,z), as is done here. For the case of fully penetrable
spheres these statistical functions are trivial and so Weiss-
berg evaluated such ensemble averages using simply prob-
ability arguments. (In Sec. III, the G ? are, for the first time,
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expressed in terms of the fundamental n-particle probability
densities for any sphere distribution.) The Weissberg upper
bound on ¢ * for ¢ = 0 always improves upon the Hashin—
Shtrikman (HS)'® upper bound for all o .> The HS bounds
give the best possible bounds on ¢ * for an isotropic two-
phase composite given the simplest microstructural infor-
mation on the medium, the volume fraction of one of the
phases. Hashin and Shtrikman also showed that in order to
improve upon the HS bounds information beyond that con-
tained in ¢, or ¢, must be utilized.

De Vera and Strieder® extended Weissberg’s results for
beds of fully penetrable spheres to the entire range of
a(0<a< ). The De Vera and Strieder bounds improve
upon the HS bounds for most ¢ and a. For the specific two-
dimensional model of impenetrable circular disks in a ma-
trix, McCoy?! also employed trial fields based upon the one-
body boundary-value problem to derive bounds on the
effective conductivity.

The trial fields employed here, Eqgs. (2.22) and (2.23),
are actually slightly different from the ones employed by
previous investigators.'®2%?! The former trial fluctuating
fields, unlike the latter, are such that their respective aver-
ages are zero, irrespective of the sample shape, and hence
lead to absolutely convergent (i.e., shape-independent) inte-
grals when they are ensemble averaged. That all of the inte-
grals that arise in the bounds derived here are absolutely
convergent is proved in Appendix A.

Employing the results of Sec. III, some of the integrals
given above are easily evaluated. For example, using Egs.
(3.2), (3.7), and (3.15) one has for n = 1 that

GP(x)=p,
and
HP®(x) =pg,, (2.50)

Hence Egs. (2.32), (2.33), and (2.43) are, respectively, giv-
en by

x<1

x<l.

(cEY) = —Bné,(a, — 0,)(E), (2.51)
(IV/0) =2 g, L01=%) (E), (2.52)
[2p}
and
B, =1. (2.53)

The integrals of Eqs. (2.41), (2.42), (2.44), (2.45), and
(2.46) are, in general, more difficult to evaluate.

To summarize, for an isotropic composite medium con-
sisting of equi-sized spheres of variable penetrability dis-
persed throughout a matrix, the effective conductivity is
bounded by

i 242 _ 2
0"< (0') _ 7 ¢l (02 Ul) ] (2.54)
L od+ (0, —0,)B
and
r 40242 )2 -1
0'*) <1/0.)_ 77¢1 (02 01) /0102] , (2'55)
i C0'2+ (01 —UZ)D

where 4, B, C, and D are given by Eqs. (2.36)-(2.39), re-
spectively. These general bounds are new. For partially pen-
etrable spheres the inclusion volume fraction ¢, can be relat-

ed to the reduced density #.2%%® For example, for fully
penetrable and totally impenetrable spheres ¢, =1 —e™"
and ¢, = 7, respectively. General expressions which relate
&, as a function of % for arbitrary values of the impenetrabil-
ity parameter A have been obtained for the PS** and PCS*
models. It is important to note that although the difference
between the upper and lower bounds diverge in the limits o,/
o,—0or 0,/0,— w0, the bounds can nonetheless remain use-
ful. Lower bounds of the type derived here should yield accu-
rate estimates of o */o,, provided that the volume fraction of
the highly conducting phase, say phase 2, is below its perco-
lation-threshold value ¢5.*'? Similarly, upper bounds of this
type should give reasonable estimates of o */o;, provided
that ¢,>¢5.

lli. POINT/n-PARTICLE DISTRIBUTION FUNCTIONS

Here the general point/n-particle distribution function
G \” is rigorously defined. Some properties of G { which
immediately follow from its definition are described. The
relationship between the G {” and the n-particle probability
densities p, is then written down, for the first time, for a
distribution of equi-sized spheres of variable impenetrabil-
ity. Successive upper and lower bounds on the G {” are given.
Some general results are noted for the particular case of to-
tally impenetrable spheres. This is followed by an evaluation
of the G {? for dispersions of fully penetrable spheres. Lastly,
the low-density expansion of the point/one-particle and
point/two-particle distribution functions, G {” and G {”, re-
spectively, are evaluated for both the PS and PCS models.

A. Definition and some properties of the G,

The distribution function associated with finding phase
i atr and a particular configuration of n spheres at positions
Iy,...r, is defined as

G (™)
N!

- (Tv_nif f dr, ., = drd O (V) Py (),

a.1n

where I *? is the characteristic function of phase i given by
Eq. (2.20) and P, is the N-particle probability density de-
fined in the previous section.

Use of Eq. (3.1) and the fact that 7'V = 1 — I? gives
that

G (") + G (rr") =p, (x"). 3.2)

Equation (3.2) is an obvious result; it states that, since there
are only two phases, the distribution function associated
with finding a point in the matrix at r and n spheres at posi-
tions r” added to the distribution associated with finding a
point in the particle phase at r and n spheres at positions r”
must be equal to p,, the probability density associated with
finding # spheres at positions r". If n is set equal to zero in Eq.
(3.1) then itis clear that G §? = (I ) is equal to the volume
fraction of phase i, #;, for a statistically homogeneous medi-
um (i.e., the limit N—>o0, V— 0, such that p =N /V re-
mains finite). It follows that p,=1.

The conditional distribution function G {”(r|r") asso-
ciated with finding a point in phase / given that there are n
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spheres at positions r”" is given by
G (x|r") =G (555" /p, (r7). (3.3)

Dividing Eq. (3.2) by p,, yields the following expected result
for the conditional distribution functions:

GOy + GP(rjr") = 1. (3.4)

Since G ? is a joint distribution function one has the
normalization conditions

. NI
n i ety (€3]
f...fdr GO (") = (I (r))m(N-—n)! (3.5)
and
2 - N1
o [ oy = N 3.6
3 f eGP = (3.6)

Equation (3.5) is arrived at by integrating Eq. (3.1) over
positions r”. Equation (3.6) follows by noting that
(I(l)) + (1(2)) =1.

It is clear that

G V(") =0, 3.7
since the point r cannot be in any sphere for the G {". From
Eq. (3.2) one also has that

GP(rr) =p,(r), if [r—r|<R, i=1,.n

if |r—r;|<R, i=1,.,n,

(3.8)

Expression (3.8) states that the distribution function asso-
ciated with finding particle phase at r and a particular con-
figuration of # spheres is simply equal to the probability den-
sity associated with finding the same configuration of »
spheres whenever the point r is in one of the n spheres.

For the PCS model'? the quantities p, and G {” areiden-
tically zero for certain values of their arguments. In the PCS
model (depicted in Fig. 1) spheres (cylinders) of radius R
are statistically distributed throughout space subject only to
the condition of a mutually impenetrable core of radius AR,
0<A< 1. Each sphere (cylinder) of radius R, therefore, is
composed of an impenetrable core of radius AR encom-
passed by a perfectly penetrable concentric shell of thickness
(1 — A)R. The PCS model should serve as a useful model of

FIG. 1. A realization of a distribution of disks of radius R = ¢/2 (shaded
region) in a matrix (unshaded region) in the PCS model. The disks have an
impenetrable core of diameter Ao, indicated by a smaller circular region.
Here A = 1/3 and the particle volume fraction is about 0.28.

certain sintered materials. In light of this discussion one has
that in the PCS model

p. (") =0, if |r,—r.|<2RA 3.9)
and

GP(rx") =0, if |5, —r,|<2RA (3.10)
for any j and & such that j5# k.

It is useful to study the asymptotic behavior of G {” for
certain limits of its arguments for any statistically inhomo-
geneous dispersion of spheres. First consider the G (V. The
set (r,ry,...,r, ) is partitioned into L = L (b) disjoint subsets,
where (b) = (b,]b,|-|b, ) is any partition of the aforemen-
tioned set, b, is the ith subset and 7, is the number of ele-
ments in b,. Let all of the relative distances between the 7,
elements of subset b; remain bounded, and let F, be the
polyhedron with 7, vertices located at the positions associat-
ed with the subset b;. Denote by R; the centroid of F,, . As-
suming no long-range order and that the element ris a mem-
ber of the first subset b, one has

L
lim G V() =G5y [[ £a (80,
=2

Rjy—

(3.11)

where all Rj;—w, m =77, — 1, Ry, is the relative distance
between centroids of F, and F,, andjand k are all possible
values such that 1<j < k<L. Combination of Egs. (3.2) and
(3.11) yields

L
lim GP(6) = [ pn (b)) = G (b)] [T o, (B)-
ko0 i=2
(3.12)

Similar arguments were employed by Torquato and Stell'® to
study the asymptotic behavior of the so-called n-point ma-
trix probability functions S,,.

For the particular partition (rir,,...,r, ) Egs. {3.11) and
(3.12) yield, respectively,

GV (5GP (D)p, (") = TN (1))p, (™) (3.13)
and
G P (rr)—G P (r)p, (r") = (I D(r))p, (r"). (3.14)

Recall that G §° = ¢, for a statistically homogeneous medi-

um. It is convenient to define a new set of point/n-particle

distribution functions H ? as follows:
HPrr")=G P (r;r") — G (r)p, (r"). (3.15)

Clearly, when the vector r is infinitely far away from the set
(Fpperey ), H P—0. The quantity H {? is precisely the func-
tion that appears in Eqs. (2.32) and (2.33).

B. Relationship of G|/’ to p,,

Employing definition (3.1) for /=1 and Egs. (2.20)
and (2.21) yields that

GO (") = [1‘1 e(x,o} ok

i=1 (N —n)!
Xf "o fdl‘,, +1 ""’drNPN(rN)
N
i=n+1

where
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r<R,

r>R.

The function e(x,) arises because the “point” particle at r
must always lie in the matrix phase and hence the point par-
ticle at r and a spherical particle of radius R at r, must be
impenetrable to one another. Since the product appearing in
the integrand of Eq. (3.16) may be expanded in the manner
of Eq. (2.20b) one has

G

e(rN=1—m(r) = {?’ (3.17)

Nl "o (N—n)! (=1
[He(x ]{N n)‘kzo (N—n—-Kk!t k!

i=1

XJ . J. drn +1 ,...’dr" k

n4k

xPn+k(r]7'-"rn+k) H m(xl) (3'18)
PP
n — k
= [H e(x,‘)] Z
i=1 K=o
n+k
Xf"'fpn+k(r1""'rn+k) m(x;)dr;.
i=n+1
(3.19)

In arriving at Egs. (3.18) and (3.19), Egs. (2.28) and
(2.29), respectively, have been employed. Note that proper-
ty (3.7) follows directly from Eq. (3.19). Information re-
garding the penetrability of the spheres enters through the
p. contained in Eq. (3.19). The corresponding expression
for the G (¥’ is obtained by substituting Eq. (3.19) into Eq.
(3.2).

1t is convenient to change the integration variabies from
Fyp15Fnq 200 1O, 2T 3,00, TESpECtively, and to replace
the variables r,r,,..r, with r,r,...r, ,, respectively.
Hence, from Eq. (3.19) the matrix phase point/n-particle
distribution function is given by

N—n
Gf,”(r"“): 2 Gf,,’k’(r"““), (3.20)
k=0
where
G(l)(rn+l)
n+1 l)k
[H e(ry;) ] f"‘J‘Pn+k(r2’---’rn+k+1)
n+k+1
>< H m(x,;)dr;, (3.21)
+ 2
+
“’(r”*‘ E[ H e(ry) ]pn(rz,...,r,,+,), (3.22)

and

ry =|r, —nl.
For statistically homogeneous media the p, and thus the
G {V depend only upon relative positions, i.e.,

GO ) = GP(r ey 1) (3.23)

Equation (3.20) for the G ("’ may also be derived by
applying the formalism of Torquato and Stell** developed
for a different set of statistical quantities. Using these meth-
ods it is straightforward to show that there is a one-to-one
mapping between Eq. (3.20) and the Kirkwood-Salsburg®

hierarchies for a binary mixture of spheres in equilibrium
under certain limits. Specifically, one considers the Kirk-
wood—-Salsburg equations for a binary mixture of spheres in
which one of the two species consists of point particles (i.e.,
spheres of zero radius) in the limit of infinite dilution of the
point particles. The other species consists of spheres of radi-
us R with density p that are partially penetrable to each other
but are impenetrable to point particles. The probability den-
sity function associated with finding a point particle at r and
a particular configuration of n spheres of radius R for such a
binary mixture in the Kirkwood-Salsburg representation is
trivially related to G {'. Interestingly, although the deriva-
tion of the G {” in this way assumes an equilibrium distribu-
tion of spheres, the Kirkwood—-Salsburg representation of
the G ¢” is nonetheless isomorphic with Eq. (3.20) which
was derived without any equilibrium assumptions.

The Kirkwood-Salsburg series for the G {” enjoy useful
bounding properties. Using geometrical arguments similar
to the ones employed by Torquato and Stell** one has the
following successive upper and lower bounds on G '’

G <G LY, (3.24a)

GP>GHN+G{, (3.24b)
GP<GR+GN+GY, (3.24c)
GI+GY, (3.24d)

GP>GHB+GR+

where the G ¢} are given in Egs. (3.21) and (3.22).

Itis interestm g to note that the point/one-particle func-
tion G {¥ (x) for an isotropic dispersion when x = R is close-
ly related to a function G(R) introduced by Reiss, Frisch,
and Lebowitz in their “scaled-particle” theory.?® In the lan-
guage of scaled-particle theory, pG(R) gives the average
density of solvent molecules (i.e., spheres of radius R) in
contact with the solute point particle, Hence, pG(R)
= G{P(R)/¢,.

C.The G for totally impenetrable spheres

For distributions of totally impenetrable spheres the
terms of the infinite series (3.20) are identically zero for
k>1,ie,

Gt = II e(r) [ Pn (Fppsly 1) ]

i=2

— fdrn+2 Prs1 (Tl 2)m(ry, 4 5).
(3.25)

This follows from series (3.20) since the product m(#,;)
m(7y;) Pn(Toeislinljesl, ) =0 for any 2<i< j<n + 1
for totally impenetrable spheres. This implies, for example,
that G {V depends only upon p, and p, and that G "’ depends
only upon p,, p,, and p,.

It is of interest to examine how the lower-order n-point
probability functions S|, S,, and S }¢ (which arise in the Ber-
anbounds on o * ¥7) are related to the G { for dispersions of
totally impenetrable spheres. The S, (r") give the probabil-
ity of finding » points with positions r” in one of the phases,
say phase 1. For distributions of partially penetrable spheres,
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Torquato and Stell'® have related the n-point “matrix” func-
tions S, to the p,. Applying the results of Ref. 16 and em-
ploying Eq. (3.25), it can be shown that for a statistically
homogeneous distribution of totally impenetrable spheres,

S, =G =4¢, (3.26)

S,(rp) =5, —fdr3m(rl3)G§”(r23), (3.27)

and

S3(rypry3) = 85(rp3) — f drym(ry)e(r,)G gl)(’u)

+ ff dr drsm(r)m(rys)G 5P (K rs5).
(3.28)

G §V is obviously equal to S,. However, given G {"’ and
G {V, one may obtain S, and S,, respectively, by integrating
over the former quantities according to Egs. (3.27) and
(3.28).

In general, it can be shown that S, depends upon the
functionals of the set G {",G {V,...,G (", for distributions of
totally impenetrable spheres. Note furthermore that since
G " | depends upon a threefold integral involving g, _ , and
Pn»>then S, depends upon a threefold integral involving p,, a
sixfold integral involving p,,..., and a 3n-fold integral involv-
ing p, . Consequently, the S, generally are more difficult to
compute than the G (V' for this model.

n—1
D. The G for fully penetrable spheres

The point/n-particle distribution functions for distribu-
tions of fully penetrable spheres are easy to obtain using Eq.
(3.20). For the case of fully penetrable spheres, the sphere
centers are spatially uncorrelated, which implies that

pn(x") =p" (3.29)
Substitution of Eq. (3.29) into Eq. (3.20) gives
G,‘,”(r"“)

n41 _1 k n+k
H e(r;) ] (=D 7" )
i =o
n+k+1
f J m(r;)dr,
2
n+1 n+lG(l)(r’)
=p" [[ etri) = [[ ———- (3.30)
i=2 i=2 1

For this model, all the G ¢V are expressible simply in terms of
&, and the point/one-particle functions for n>1. Weissberg
and Prager'’ obtained both G {’ and G {"’ for dispersions of
fully penetrable spheres using simple probabilistic argu-
ments. Combination of Egs. (3.2), (3.29), and (3.30) yields
that the complementary function for this geometry is given
by

n+1
H G (ry)

G;Z)(rn-{»l) =pn_ i=2 (3.31)

n—1

Applying the general resuits of Ref. 16, Torquato and
Stell’® have obtained an integral representation of the n-
point matrix probability function .S, for the specific geome-
try of fully penetrable spheres. These results combined with
Eq. (3.30) give

S. Torquato: Two-phase disordered media. ||

S,,(l’") =1+ i _(—_nt?p_
m=1 :

f fdrn+1 - n+mF(rl’ l'n+m) (3.32)
=exp[ —pV. ("], (3.33)
where
n+m n
Fepetae)=1= 3 p=87" [ 61°0)
Jj=n+1 i=1
n+m n
+ z p—-2n¢1—2n+1 H G;”(l‘ij,r,-k)
j=n+1 i=1
i<k
n+m 3¢ a2
— p— nt—3n
j=n+1 !
j<k<l
X 1'[ GV (ryr.ry) + - (3.34)

i=1
and ¥, (r") is the union volume of n spheres of radius R with
centers at r". Unlike the case of totally impenetrable spheres,
the S,, for finite n, depend upon the infinite set
GV,G"M,...,G P, where M— . However, as in the in-
stance of totally impenetrable spheres, the S, are more diffi-
cult to compute than the GV ;.

E. Low-density expansion of G and G{

For subsequent calculations it is required to have the
density expansion of G {>’ and G {» through second order in
p in both the PS and PCS models. It is assumed that the
isotropic medium possesses no long-range order and that the
n-particle probability density p, (r") may be expanded in
powers of density. Hence the leading term is of order p” and
from Eq. (3.20) one has

G{V(ry,) =pe(r12)[1 —p fdrgo(r23)m(rl3)] + 0(p?)

=P€("12)[1 —pM —Pfdrsho("zs)m("u)]

+0(p®) (3.35)

and

GV (r3r)3) ‘—‘Pzgo("zs)e(’lz)e("ns) + 0(P3)' (3.36)
Here ¥V, = 47R 3/3, and go(x) = 1 + ho(x) and Ay(x) are
the zero-density limits of the radial distribution function
g(x) and total correlation function A(x), respectively, as
defined through Eq. (2.49).

In the PS model,"* the zero-density limit of the total
correlation function is given by

—A, x<2R,
ho(xid) _[ 0, x>2R. (3:37)
For the class of PCS models described in I, one has
—1, x<2RA,
ho(xA) '{ 0, x>2RA. (3.38)

The convolution integral in the second line of Eq. (3.35) can
be easily evaluated by transforming to a bipolar coordinate
system.? In the case of the PS model this integral is simply,
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apart from a minus sign, the volume common to two spheres,
one of radius R and the other of radius 2R, whose centers are
separated by a distance 7,,. For the PCS model the same

integral is the volume common to two spheres, one of radius
J

47R 3

i, 0<x<R,—R,
Vit(x;R,R,) =14 47 —3(R§—R%)2+(R%+Ri)

3 16x 2

0, x>R,+R, .

Combining the results given above with Egs. (3.2) and
(3.35) gives through order p2 in the PS and PCS models,
respectively, that
G (x) =m(x)p+e(x)[V,—AVE(x;R,2R) ] p°

(3.40)

and
GPx)=m(x)p+ex)[V,— Vi(xab)]p® (3.41)
In Eq. (3.41) a = min(R,2RA) and b = max(R,2RA).
The particle phase point/two-particle function through
order p’ is given by
G52 (rypr13) = go(r3) [1 —e(rp)e(ry3)] Pz-
Hence, use of Eq. (2.47) yields through order p*:
0, rp,>R and r;>R,
ho(ry3) 7 r,<R and r; >R,
ho(ras) P2, ri,>R and r; <R,

[Ao(ry) —11p% ri<R and r;<R.
(3.43)

(3.42)

Q(rypr3) =

IV. LOW-DENSITY BOUNDS IN THE PS AND PCS
MODELS

Here the first-order cluster bounds (2.54) and (2.55)
are evaluated exactly through order ¢2 in the PS and PCS
models. These calculations will not only improve our under-
standing of the effects of overlap or connectivity on o * for
dilute concentrations of penetrable spheres but will provide
insight into the fundamental mechanisms at work at high
particle concentrations. In order to compute the bounds
through second order in ¢,, the quantities 4, B, C, and D
which appear in these bounds must be evaluated through
second order in 7 for these models.

Consider obtaining such results for the PS model first.
Evaluation of the integrals (2.41), (2.42), and (2.44)-
(2.46), using Eqgs. (3.37), (3.39), (3.40), and (3.43), gives

through order 7 that
A, = — Ay, 4.1)
Ay = —2479%, (4.2)
B,=[2—2G+iln3)]7 (4.3)
By= — (1+ )7, (4.4)
and
B,=0. (4.5)

Note that the results for 4, and A, are exact through all

_3x
8

R and the other of radius 2RA, whose centers are separated
by a distance r,,. Let V™ (x;R,,R,) be the volume common
to two spheres, one of radius R, < R, and the other of radius
R,, whose centers are separated by a distance x. Then

x3 (3.39)

(R%+R%)+16 , R,—R,<x<R,+R,

—
orders in 7 (see Appendix B). Equation (4.2) is obtained

employing the identity given in Appendix C.

Combining Egs. (2.36)-(2.39), (2.40), and (2.53),
and Eq. (4.1)-(4.5) for the PS model yields through order
n” that

A=39(1—74), (4.6)

B=n+[1l-A(Z+3in3)]7, 4.7)

C=6m(1 —7gl), (4.8)
and

D=47)—[2+M%+gln3)]1/2. (4.9)

Similarly, Eqs. (2.41), (2.42), and (2.44)—(2.46), to-
gether with Eqgs. (3.38), (3.39), (3.41), and (3.43) for the
PCS model, gives through order % that

A, = — [24°—94"* + 81°]9%?, (4.10)
Ay= —2[24° 914 81°]19% (4.11)
9 9
B,=|24+ZA%—8134+ 242
2 +2 +4
32 3
— — Z1In(1 +24) |53, 4.12
ez s A (4.12)
and
By= —[2A5—94*+ 813 + 119~ (4.13)

Unlike the analogous results for the PS model, the results for
A, and 4, in the PCS model are only exact through order 7.
Equation (4.11) is derived by applying the identity of Ap-
pendix C.

Combination of Eqgs. (2.36)-(2.39), (2.40), and
(2.53), and Egs. (4.10)-(4.13) for the PCS model yields
through order #%? that

A=3p—3[245—91*+84%]7p% (4.14)
4 3
B=77+[1—2/16+2u —16/I3+———9i
34 3
— 2 l(1+2) |9 4.15
+4(1_|_M)2 g (1424) |7y ( )
C=6n—6[245—91*+ 8437 (4.16)
and
4 2
D=dp—[2+825_ 8147 L 4pp5 94~
2 4
34 3
—— 2 4 Zma u]2. 4.17)
4(14_,M)2+8n(+ )i (
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It is useful to eliminate 7 in favor of ¢, in the results
given above using the relation’?

7=, + G#3. (4.18)
For the PS and PCS models,*? respectively,

G=(1-4)72 (4.19)
and

G=4(1-1%)—3(1—-A% + (1 =1°5). (4.20)

To summarize, expanding Eqs. (2.54) and (2.55)
through second order in ¢, gives

o*/o,<1+3Bp, + K43, (4.21)

o*/o>1 +3Bd, + KLg3. (4.22)
Since Eqs. (4.21) and (4.22) coincide through order ¢,,
then K Y and K £ are upper and lower bounds, respectively,

on the exact second-order coefficient. It is useful to decom-
pose these coefficients as follows:

KUV=KU* KU+, (4.23)
KL=KLe f LL+, (4.24)
For both the PS and PCS models
KU"‘=3,82+/92(a—1)[g—§1n3] (4.25)
—3p24p2le—D (“ D z—ijm3y, (4.26)

and a = 0,/0,. The remaining terms K Y+ and K%+ have

the same form in the PS and PCS models:

KY* =B%a—1)a(d) + (B/2)(a — 1)b(A) 4.27)
and
ki+=p22=D, ﬂ‘“ D b1y, (428)
a
where in the PS model,
al)=(1—-A)3+3{In3) (4.29)
and
b(A)=(1-4), (4.30)
and in the PCS model,
9 9 7
A)=A*—-813+ 4% 4 —
a(d) 5 + 2 + G
34 3 1+2/l)
A S | 4.
HPTTEE Y c n( 3 (4.31)
and
b(A)= — QA% —944+813—1). (4.32)

In arriving at these results for the PS and PCS models Eqs.
(4.6)-(4.9) and Eqgs. (4.14)—(4.17) have been used, respec-
tively. As in the previous papers in this series,'>!* the sec-
ond-order coeflicients are decomposed into a sum of two
terms: one being the contribution from a reference disper-
sion of totally impenetrable spheres (i.e., K * and K £*) and
the other being the contribution in excess of this which arises
when pairs of inclusions belong to the same cluster (i.e.,
K 7* and K7 ).The quantities with the superscripts * and
+ can be shown to depend upon the zero-density limits of
the pair-blocking function g¥(x) and pair-connectedness

function g5 (x), respectively.> Therefore, KJ+
=K %I+ =0 for the case of totally impenetrable spheres
(A=1).

The first-order cluster bounds through second order in
¢, are always sharper than the HS bounds expanded through
the same order in ¢,. For example, for o, > oy, K  in either
the PS or PCS model is always greater than 3 82, the value of
the second-order coefficient of the HS lower bound. For rea-
sons already given in Refs. 8 and 13, K ;w0 when a—
and K £—0 when a—0. Hence, when a— 0 and when a—0,
KL and K7, respectively, provide reasonable estimates of
the actual second-order coefficient, X,.

In Fig. 2, K £ is shown as a function of the impenetrabil-
ity parameter A in both the PC and PCS models for a =
Figure 3 gives the analogous plot for K } at @ = 0. Note that
K % for the PCS model always lies above the corresponding
curve for the PS model for 0 < A < 1; with the converse being
true for K 7. This indicates that the degree of connectivity in
the PCS model is greater than that in the PS model. It is
expected that the actual second-order coefficients for the
two models will behave in a similar manner.*

Evidence for such behavior is provided by considering
the following approximate expression for the actual second-
order coefficient K ;. Rearrangement of the exact result for
K ;t given in II yields

K; =—fdx a(l,2): U_—ié Vz(x)]go (%),

(4.33)

where

V2(x)=V1[l+—————-————], x<2R (4.34)

is the union volume of two overlapping spheres of radius
R,a(1,2) is the polarizability tensor associated with over-
lapping inclusions centered at r, and r,(x = |r, —r,|),
go (x) is the zero-density limit of the pair-connectedness
function®! g* (x), and U is the unit dyadic. (The quantity

g™ (x) dr, dr, is the probability of simultaneously finding
the center of a sphere in the volume dr, about r, and another
particle, of the same cluster, in the volume dr, aboutr,.) Itis
assumed that the electric field induced within the two over-
lapping spheres (in the presence of a uniform applied field)
is equal to the field induced within a single ellipsoid having a
major axis of length R + x/2 and two minor axes both of
length R, i.e., one has

N (/l)z—l—fdez(x)[F(x) - 3—4]&,* (x), (4.35)
Vv 2
where
F(x) = (a—1) [ 1
6 L1+ (a—=1D(x)

N 2

14 (a— 1)D,(x)
and D,(x) and D,(x) = D,(x) are the depolarization fac-
tors associated with the major and minor axes, respective-
ly.3 The depolarization factors must satisfy the following
relation:

(4.36)
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FIG. 2. The lower bounds on the second-order coefficient X, in the PS (low-
er curve) and PCS (upper curve) models as a function of the impenetrabil-
ity parameter A for the case @ = oo.

D, +D,+D,=1. (4.37)

InIIit was shown that F(x), in the PS model, to an excellent
approximation is independent of x and hence the D, may be
treated as undetermined constants. If this assumption is in-
voked for general models then it follows that the actual sec-
ond-order coefficient K, =K ¥ + K ;¥ (where K¥ is the
contribution from a reference dispersion of totally impen-
etrable spheres'>—see Table I of II), is given by the follow-
ing approximate expression:

K, ~K$+ [F— (38/2)]U,, (4.38)
where
U2=%J‘dx V,(x)gs™ (x). (4.39)
1

1.0

Ko 054

0.0 : . . :
00 02 04 06 08 10

A

FIG. 3. The upper bounds on the second-order coefficient X, in the PS (up-
per curve) and PCS (lower curve) models as a function of the impenetrabil-
ity parameter A for the case @ = 0.
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D, =0.189 16, and D, = 0.405 42."* The D, are determined
in the same manner outlined in II. It can be shown that Eq.
(4.41) is exact through second order in (o, — ;).

Using the results given in II for gg", it is easy to show
that in the PS and PCS models one has that

U,=15(1—A)

and
U,=8(1—A34+9(1—-1%—=2(1—-419),

(4.40)

(4.41)

respectively. It is seen that U, (which is related to the total
expected volume of dimers®*) is always larger in the PCS
model than it is in the PS model, at the same value of A for
A < 1. In the dilute limit, therefore, this indicates that (for
fixed 1) the excluded volume effects associated with spheres
possessing an internal hard core of radius AR (i.e., the PCS
model) results in a dispersion which has a higher degree of
connectivity than one in which the probability of spheres
intersecting is linear in (1 — A) (i.e., the PS model). Refer-
ring to Eq. (4.38), this implies that for A < 1, X, is larger in
the former model than it is in the latter one. Combination of
Eqgs. (4.36), (4.38), and (4.41) yields a new approximate
relation for X, in the PCS model. Equation (4.38) should
provide a reasonable approximation to K, for interpenetra-
ble-sphere models.

Relation (4.38) always lies between bounds (4.23) and
(4.24). It is noteworthy that the upper bound K¢ [Eq.
(4.23)] for 0<a< 1 is nearly equal to approximation (4.38),
regardless of the value of A, for both the PS and PCS models.
Similarly, for 1<a < 10, the lower bound K £ [Eq. (4.24) ] is
approximately equal to (4.38) for both the PS and PCS
models, for any value of 1. For a > 10 and fixed A, the devi-
ation of K£ from Eq. (4.38) increases as a increases. This
discrepancy increases as A decreases for fixed a. Note also
that in the PCS model for @ = «, K %(A) is approximately
equal to K7(0) = 4 for the range 0<A<0.5 (see Fig. 2).
Approximation (4.38) in the PCS model behaves in a simi-
lar manner since U, for 0 <A <0.5 is nearly equal to (but
always smaller than) the corresponding quantity for fully
penetrable spheres (4 = 0). Similarly, in the PCS model for
a =0, KJ(A) is approximately equal to K 5 (0) = 0.5 for
the range 0<A<0.5. Again relation (4.38) for the PCS mod-
el predicts that K,(A4) is roughly equal to K,(0) for this
range of A. To summarize, the bounds on X, for both the PS
and PCS models not only qualitatively reflect the essential
physics involved when particles overlap but together can
provide accurate estimates of K, for 0<a < 10 at any value of
A

In I bounds on X, in the PS model were derived using
the Beran bounds.?” The Beran bounds are completely gen-
eral and hence, unlike the cluster bounds, are not restricted
to microstructures involving various types of spherical in-
clusions. If K'Y, and K7, denote these upper and lower
bounds, respectively, then we have'®

K¥=3B%+B*a—-1[(G—iln3)
+ (1 —A)0.701 56] (4.42)

and

J. Chem. Phys., Vol. 84, No. 11, 1 June 1986

Downloaded 15 Oct 2010 to 128.112.70.131. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



6356

K%,B=3/32+B2(ia12[(g—gln3)

+ (1 —4)0.701 56]. (4.43)

Note that for the special case totally impenetrable
spheres (4 = 1) Eqgs. (4.42) and (4.43) are identical to the
corresponding bounds obtained from the first-order cluster
bounds. This is a very interesting result since the Beran
bounds, unlike the cluster bounds, depend upon the n-point
probability functions’® S}, S,, and S;. Elsewhere® it is shown
that the first-order cluster bounds (which depend upon 4,
G, G{?, and G{* are identical to the Beran bounds
through all orders in ¢, for the special case of totally impen-
etrable spheres (4 = 1). Therefore, the functionals of 4,
G, G, and G? that arise in the first-order cluster
bounds, Eqs. (2.54) and (2.55), contain precisely the same
information as the functionals of S|, S,, and S, that arise in
the Beran bounds. It turns out, however, that the first-order
cluster bounds for A = 1 are easier to compute than the Ber-
an bounds for this model since the statistical quantities in-
volved in the former are less difficult to compute than the
corresponding functions that arise in the latter. (See the dis-
cussion in Sec. III C.)

For 0<A <1, bounds (4.42) and (4.43) are slightly
more restrictive than the corresponding bounds derived here
from first-order cluster bounds; the greatest difference oc-
curring at A =0. For example, for @ = « and A =0,
K 7 = 4.12, which is to be contrasted with 4.0, the value
obtained from the first-order cluster lower bound. However,
unlike bounds (4.42) and (4.43), the first-order cluster
bounds in the PS model expanded through second order in
¢, involve relatively simple integrals and hence can be ex-
pressed analytically.

Note that the computation of the Beran bounds through
second order in ¢, in the PCS model is even more difficult
than in the PS model. Some of the integrals involved in the
latter calculation had to be numerically evaluated.® This is
to be contrasted with the corresponding analytical first-or-
der cluster bounds easily derived here for both the PS and
PCS models.

The low-density results described above suggest that the
Beran bounds, for spheres distributed with arbitrary degree
of impenetrability A and through all orders in ¢,, are more
restrictive than the first-order cluster bounds for 0<A < 1;
with the two sets of bounds being identical for A = 1. For
most values of A in the range 0<A < 1, however, the numeri-
cal differences between the Beran and cluster bounds should
be small; the greatest difference occurring when the spheres
are fully penetrable to one another (i.e., A = 0, see Appendix
D). Furthermore, the aforementioned results also strongly
indicate that the cluster bounds, although nontrivial in gen-
eral, will be easier to compute than the Beran bounds for
dispersions of partially penetrable spheres.

V. CONCLUSIONS

It is generally desired to relate the bulk property of a
two-phase composite medium to the details of its micro-

S. Torquato: Two-phase disordered media. Il

structure. In doing so one can then relate changes in the
microstructure quantitatively to changes in the effective
properties of the heterogeneous material. In order to exactly
evaluate the bulk property, an infinite set of statistical func-
tions that characterize the microstructure needs to be deter-
mined. However, apart from a few special models, this infi-
nite set of functions is never known. Bounding techniques do
provide a means of estimating the bulk property using limit-
ed microstructural information on the composite material.

In this article rigorous bounds on the effective conduc-
tivity of dispersions of spheres of variable impenetrability
have been derived and shown to depend upon not only the
sphere volume fraction ¢, but integrals that involve the total
correlation function /4 and the particle phase point/n-parti-
cle distribution functions, G {*’ and G {*. Given the n-parti-
cle distribution functions p,,, one may now in principle cal-
culate the G (2, for arbitrary values of the impenetrability
parameter A and for any n and hence nth-order cluster
bounds using the results of Sec. III. Interpenetrable-sphere
models should prove useful in studying the effects of connec-
tivity of the particle phase on the effective property of the
composite medium. The analytical expressions for low-den-
sity expansions of the first-order cluster bounds in the PS
and PCS models obtained here suggest that cluster bounds
may be the simplest nontrivial set of bounds available to
estimate the effect of particle overlap or connectivity on the
conductivity of composite media for arbitrary phase conduc-
tivities and volume fractions.

Note that many of the results obtained here can be easily
extended to dispersions of spheres characterized by a size
distribution. Moreover, analogous two-dimensional results
for dispersions of multi-sized circular disks (useful models
of fiber-reinforced materials) are also straightforward to de-
rive. In subsequent articles such findings shall be reported.
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APPENDIX A

In order to illustrate how the simplified integrals of Sec.
11 are obtained from the original ensemble-averaged quanti-
ties the steps leading to integrals (2.41)—(2.46) are briefly
outlined. It follows from Eqs. (2.18) and (2.34) that

(EW . ED)

NECRCE Ab
_ (IPEY.EW)
N EC RN (4

Consider the quantity B first. Combination of Eq. (2.22)
and definition (3.1) leads to
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= (E)Zfdx,n«xl (E)]
- [K(xy) - (E)IG P (x,)
1 —
+ o f dx,dx,[R(x,) - (E)]

- [K(x,) - (E)1Q(x,,X,), (A3)
]
( B2R6<E>2
yz
+ 4P, (u,)Py(u,) ],
— — 2p 3 2
[Ry) - (E)] - [R(z) - (E)] =€ ~2ERAE) pa,,
2p 3 2
_EBR—3<E‘).P2(uy)’
y
\ B2<E>2’

where P, and P’ are Legendre and associated Legendre
polynomials of order n,° respectively, u, = cos 8, and
u, =cos6,.

Consider the first integral of Eq. (A3). Substitution of
Eq. (A4) into Eq. (A3) and integrating over polar and azi-
muthal angles gives

1 —
S f d2[R(z) - (E)]

- [K(z) - (E)IG{(*(2) = B, + B, (AS)
where B, and B, are given Eqgs. (2.43) and (2.44), respec-
tively.

Next consider the second integral of Eq. (A3). Follow-
ing Lado and Torquato,*” the function Q is expanded in Le-
gendre Polynomials, i.e.,

0y2) = 3 D, 02)P,(u,), (A6)
n=20
where
D _2n+1 ! d
n (y,Z) - 2 . uyzQ(y9z)Pn (uyz) (A7)
and
Yz
uyz = y-z .
Employing the addition theorem*®
P, (u,) =P, (u,)P,(u,)
+2 3 =l pm, spm,)
m=1 (n +m )’
Xcos m(d, — @), (A8)

and the orthogonality properties of the Legendre polynomi-
als® it is straightforward to show that upon substitution of
Eq. (A6) into the second integral of Eq. (A3) one has

2<E>2ffdzdyu<<y> (E)]

- [K(2) - (E)1Q(y,z) = B; + B,. (A9)
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where the statistical function Q is given by Eq. (2.47) and
(E)?=(E) - (E).

A spherical coordinate system shall be employed to
evaluate the integrals of Eq. (A3). Let the polar axis be par-
allel to the constant vector {E) and let the two vectors z = x;
and y=1x, have spherical coordinates (z,0,,4,) and
(»,6,,4, ), respectively. Then

[P2(u,)P; (u,)cos(4, —¢.)

Y>R,z>R,

Y<R,z>R, (A4)

Y>R,z<R,

V<R,z<R,

{ v
Here B, and B, are given, respectively, by Eqs. (2.45) and
(2.46).

The ensemble average 4 defined by Eq. (Al) may be
obtained from Eq. (A3) by replacing G {* and Q in the inte-
grals by p and p*h (where 4 is the total correlation function),
respectively. Therefore

p___ -
BEY Av
(A10)
where A4, is given by Eq. (2.40), and
—2—<E—>2 [[ dnayiRe- @)
. [K(z)-(E)]h(x) =4, + 4, (A11)

where 4, and A4, are given by Eqs. (2.41) and (2.42), respec-
tively, and x = |y — z|. The ensemble averages C and D de-
fined, respectively, by Eqgs. (2.38) and (2.39) can also be
simplified in the manner outlined above.

It is shown that the integrals which comprise B, Eq.
(A2), are absolutely convergent. Clearly the first integral of
Eq. (A2) is absolutely convergent since it decays to zero like
x,” ®as x,— 0. Consider the remaining integral. Let the field
point r be denoted by r, and let the two spheres be centered at
r, and r;. Then the second integral of Eq. (A2) may be writ-
ten in the equivalent form

J.drzsfdﬁ[R(rlz) . (E)][R(rn) -(E)1Q(r,r3),

where r; =r, —r;. To prove the absolute convergence of
this sixfold integral one need only show that the first volume
integral over r, decays to zero faster than 75> as 7,30,
where 7,; = |r, — r3|. When particle 2 is far from particle 3,
there are only three possible configurations which can con-
tribute to the integral; point 1 near particle 2 or 3 and point 1
far from both particles. When point 1 is near particle 2, then
according to Egs. (3.11) and (2.47),
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G5 (r15113)—pG (P (ry),
G ¥ (r3)—péy
and
Q(ry,,r3)—0.
The same result is obtained when point 1 is near particle 3. If
point 1 is far from both particles, then
G§? ("12’1'13)_’/72¢2:
G3¥(ry)—pdy =23,
and
Q(ry5r13)—0.

Hence the integral is absolutely convergent. Similar argu-
ments may be used to prove the absolute convergence of
integral (2.42) as well.

APPENDIX B

The evaluation of the integrals 4,, 45, and B, given in
Sec. II are straightforward to evaluate in the PS model for
arbitrary A. In the PS model, the full density-dependent total
correlation function has the form™

h(x) = —AH(2R — x) + H(x — 2R)y(x), (B1)
where the H is the Heaviside step function defined by
1, x<«<t
H(t—x)= B2
(t—x) {0, x>t (B2)

and y(x) is a continuous density-dependent function such
that y( ) = O for a system without long-range order. For
spheres of unit radius the integral 4,, Eq. (2.41), depends
only upon the behavior of #(x) for x < 2 and is trivially relat-
ed to integral (6.3) of I. Hence, in the PS model one exactly
has that

A, = — A’ (B3)

Now employing the results of Sec. III, it is easy to show,
using Eq. (2.47), thatfory<landz<1,

Q(y,z) =p*[h(x) — 1], (B4)
where x = |y — z|. Substitution of Eq. (B4) into Eq. (2.45)
yields, for the PS model, an integral similar to 4,, namely

By= — (/1+¢1)772- (BS5)

To evaluate integral 4, Eq. (2.42), the identity in Ap-
pendix C is employed. Differentiating Eq. (B1) with respect
to x yields
h'(x) =A8(x—2) +6(x—2)p(x) + H(x — 2)y'(x),

(B6)
where 8(x) is the Dirac delta function and a prime indicates
the first derivative of a function. Using the identity given in
Appendix C one has that

Ay = — 2179 (B7)

Combining Egs. (2.36), (2.40), (B3), and (B7) gives
that A4 in the PS model is exactly given by

A=39(1 —An). (B8)

Similarly, the quantity C, which appears in the lower bound
(2.55), is given by

S. Torquato: Two-phase disordered media. il

C=6n(1—A7n)
for this model.

(B9)

APPENDIX C

A useful integral identity is proved here. Consider the
integral
9

2

where P,(u) is the Legendre polynomial of order two, f (x)
is a piecewise continuous function of x, and

2 ]
yo Xtz =x* (2)
2z
Then
I= lr dx £ (x)w(x),
4 Jo
where f'(x) = df /dx and

7’2[ '—x6+ 18x4— SZXB], x<2,
-3 x>2.

o0 oo 1
d—‘ff Y dufr,w, (1)
zh yJa

(C3)

w(x) ={ (C4)

Proof: Using the fact that
1 d

P =—2 (-

2(#) 2 dx (u”—u)

and integrating Eq. (C1) by parts gives

o oo 1
I= -9—f dze(z) f dye(y) duf (x) W -
4 b 0 X

(C5)

’
J L u)
-1

oo o0 'y 4z
=1J £1rfe(Z)J d—ye(y) dx f'(x)(u® — u)
4 Jo =z o Yy |y —z|

=_9_J°° dx f(x)w(x), (C6)
4 b
where
© X+ 2 2 2__ 2\3
w(x) = Ee(Z) d—ye(y){(z——u)
bz x—z| Y 2yz
2 2 2
_(______y +z—x )] (CT)
2yz
and 0 )
e(x)=[’ X< (C8)
1, x>1.

Direct integration shows that integral (C) is given by
Eq. (C4). The second line of Eq. (C6) is the result of a
change of the integration variable from u to x. The third line
follows when the order of integration is changed as indicat-
ed.

APPENDIX D

Here it is shown that the general first-order cluster
bounds ono *, Egs. (2.54) and (2.55), for the special case of
a distribution of fully penetrable spheres (1 = 0) in a matrix
reduce to the DeVera-Strieder® bounds on o *.

For distributions of fully penetrable spheres of unit radi-
us the total correlation function 4 (x), defined by Eq. (2.49),
and the function Q(y,z), defined by Eq. (2.47), are given by

h(x) =0, 0<x<w (D1)
and
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—p*$, y<land z<1
Qy.z) = { 0, otherwise .
Here the results of Sec. III D have been employed.
Substitution of Eqs. (D1) and (D2) with Eqgs. (2.41),
(2.42), (2.44)~-(2.46) yields

(D2)

A,=A,=B,=0, (D3)

B, = 27¢,, (D4)
and

By = — g, (D5)

Combining these relations with (2.36)-(2.40) and (2.53)-
(2.55) gives, for a bed of fully penetrable spheres, the bounds

77¢%(02—'0'1)2 ]
a"‘<[(¢7)-— (D6)
30,4+ (0, —0)[1 + 26, — n¢,]
and
2 32 —1
0'*)[(1/0')— 29¢i (0, — 01)*/0,0, ]

30, + (04— 0,) [2 + ¢, — 294,]
(D7)

These bounds were originally derived by DeVera and
Strieder (DS).2°

For most ¢, and @ = 0,/0,, bounds (D6) and (D7)
improve upon the HS bounds. For large sphere volume frac-
tions (¢,>0.7), typically one of the HS bounds is better than
the corresponding DS bound. This is not a surprising result
for beds of fully penetrable spheres since the single-body trial
functions employed here, although perfectly allowable, do
not accommodate the overlap geometry of spheres at high

$>-

It should also be noted that the Beran bounds?’ for the
same model are found to be sharper than the DS bounds. The
DS bounds enjoy the advantage, however, that they may be
expressed analytically. The reason for this is that for fully
penetrable spheres the point/n-particle functions G (¥’ and
G {¥ involved in the DS bounds have a simpler functional
form than the n-point functions S, and §, that arise in the
Beran bounds (see the discussion in Sec. III D).
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