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To what extent can the structure of a disordered heterogeneous
material be reconstructed using limited but essentially exact struc-
tural information about the original system? We formulate a meth-
odology based on simulated annealing to reconstruct both equilib-
rium and non-equilibrium dispersions of particles based only on
correlation functions which statistically characterize the system.
To test this method, we reconstruct dispersions from the radial
distribution function (RDF) associated with the original system.
Other statistical correlation functions are evaluated to compare
how well the reconstructed system matches the original system.
We show that for low-density systems or high-density systems
with little particle aggregation, our reconstruction from the RDF
reproduces the system fairly well. However, for dense systems with
extensive clustering, RDF information is somewhat inadequate in
being able to reconstruct the original system. We also show that
one can produce a system with an RDF that is similar to the
reference system, but with appreciably different structure. Finally,
system-size effects are analyzed analytically. © 1997 Academic Press
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I. INTRODUCTION

Disordered materials are ubiquitous in nature and in man-
made situations. Examples of such mediainclude fiber-rein-
forced composites, colloidal dispersions, porous media,
granular media, and cell membranes, to mention but a few.
A question of fundamental interest that remains largely un-
studied is the following inverse problem: To what extent
can the disordered material be reconstructed given limited
but essentially exact structural information (statistical corre-
lation functions) on the material? The success of the recon-
struction can be measured by how well the reconstructed
system reproduces not only the correlation functions from
which the reconstruction was performed but other correlation
functions as well. Clearly, even if the correlation functions
of the reference and reconstructed systems are in good agree-
ment, this does not ensure that structures of the two systems
will match very well. Thisinteresting question of honunique-
ness can aso be probed.

1 To whom correspondence should be addressed.
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A general procedure to carry out reconstructions for arbi-
trary structures is too intractable at present. Instead we will
focus our attention on an important class of random media,
namely dispersions of particles. The method that we propose
to reconstruct the particle dispersions from given structural
information is avariation of the simulated annealing method
that is commonly used to solve avariety of general problems
relating to finding a state of minimum ‘‘energy’’ among a
set of many local minima (1) . The energy does not necessar-
ily have to be a physical energy of the system, but can be
any relevant objective function (e.g., time in a production
process or material in a topological optimization problem).
In these systems the ssimulated annealing procedure is used
to sample the different states of the system weighted by the
probability of the occurrence of that state.

An important by-product of this method is that a system
in an initial state which is far from its limiting state will
move through the phase space toward its limiting state, so
the simulated annealing method is used not so much to sam-
ple, but to find minimum energy states. We can use this
notion of moving ‘‘toward’ the desired state to evolve a
system of particles toward a system which has some specific
correlation function nearly identical to a given reference
correlation function which represents the system one is at-
tempting to reconstruct. If we consider the states whose
correlation function is more similar to the trial correlation
function to have alower ‘‘energy,’”’ the system will eventu-
aly move toward a state in which the difference between
the two functions is minimized.

Given the prescription above for the reconstruction proce-
dure, one must now select the appropriate set of correlation
functions. In Section |I, we present a general formulation
that enables one to incorporate a set of different n-point
correlation functions. In practice, it is desired to use asingle
correlation function that contains the salient microstructural
features for a particular application. If one is interested in
the shape of the space not occupied by the particles, then a
single function such as the pore-size distribution P(r) (2)
could be used. Alternatively, if oneis interested in the clus-
tering of particles which may be occurring, one could use
the pair-connectedness function (3) or the two-point cluster
function (4). Practical concerns could also dictate the choice
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of correlation function, such asthe casein which oneisgiven
a specific function which is measured from an experimental
system.

The radia distribution function (RDF), g(r), is perhaps
the most common statistical correlation function used when
characterizing statistically isotropic particle systems in D
dimensions. Roughly speaking, it gives the probability asso-
ciated with finding any particle aradia distance r from the
center of another particle. The RDF is of central importance
in the study of equilibrium liquids in which the particles
interact with pairwise-additive forces since al of the thermo-
dynamics can be expressed in terms of the RDF. Further-
more, the RDF can be ascertained from scattering experi-
ments, which makes it a likely candidate for the reconstruc-
tion of area system.

Although g(r) is auseful quantity, it is inherently a two-
particle measure and does not account for any cooperative
behavior between groups of more than two particles. This
effect is significant for dense systems. Since the RDF of a
system is commonly used to characterize its structure, it is
natural to ask questions about how much structural informa-
tion is contained within the RDF, and what sort of informa-
tion islost. We have chosen to study this question quantita-
tively by attempting to recreate the structure of various dis-
persions of particles from their respective radial distribution
functions. The reconstructed systems are then compared with
the original systems, both visually and by measuring other
statistical correlation functions associated with original and
reconstructed system.

As atest of this method we consider the reconstruction of
two different model systems. Thefirst isarandom sequential
adsorption system (5, 6) of hard disks, and the second is a
sticky-disk system in which the disks can form interparticle
contacts (8) and thus cluster. From our studies of these
systems, we have observed the following salient points:

« At low densities, the reconstruction from the RDF cap-
tures much of the structural information.

< At high densities, the RDF can give areasonable recon-
struction if there is no tendency for the particlesto aggregate.

« |If there is significant aggregation of the particles, the
RDF is usually not adequate to reconstruct the system.

e Unless care is taken, one can produce a system which
has an RDF that is similar to the reference system but with
an appreciably different structure.

In Section I, we formulate the reconstruction procedure
and define relevant statistical correlation functions. This pro-
cedure is applied to random sequential adsorption systems
in Section |11 and then to sticky-disk systemsin Section 1V.
We discuss important features of this method in Section V
and suggest extensions to the model. Moreover, the Appen-
dix gives an analytical expressions for the relationships be-
tween the number of particles in the system and the resolu-
tion of the statistical quantities.
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Il. FORMULATION OF THE RECONSTRUCTION
PROCEDURE

A. General Procedure

For reasons of simplicity, we first formulate our recon-
struction methodology by considering a single correlation
function associated with the original, or *‘reference’” system.
We then generalize the procedure to incorporate a set of
different n-point correlation functions.

Consider areference two-point correlation function of the
form f,(r) that depends only on the distance r between two
points in the system, implying that the system of interest is
statistically isotropic. The same correlation function that is
associated with the reconstructed system of disks will be
denoted asf,(r), and it is this system which we will attempt
to evolve toward fy(r). Because fs(r) of our hard-disk sys-
tem is based on the distribution of the distances between
disks in a finite system, it is necessary to discretize fs(r)
through a process of binning. In this process, the relevant
values of the correlation functions at different interparticle
separation distancesr;; are calculated and are placed in equal
sized bins of width w, centered at r, such that

MNe — Wo/2 < 1j < I + Wy/2. [1]

Oncefs(r) is known at the specific values of the bins, one
can define a variable E which plays the role of the energy
in the smulated annealing calculation as

E= Z Bi (fs(ri) — fo(ri))?, [2]

where 3; isan arbitrary weight which isimplicitly afunction
of r through its dependence on the ith bin, and the sum is
over al bins. Defined in this manner, E has the property
of decreasing when the difference between any two bins
decreases. The variable 3; can be varied depending on
whether one wants to weight small values of the radial dis-
tance r greater than larger values of r. This is sometimes
useful since the small r values of f;(r) are more important
in determining the system structure.

In order to evolve the system toward f,(r), we choose a
particlei and give it arandom displacement ér . If this causes
the particle to overlap, the move is rejected, and another
particle is tried. Otherwise, the energy E’ of this state is
calculated. We can now calculate the energy difference be-
tween two states AE = E’ — E, and define the acceptance
probability of the move p(AE) via the method originally
proposed by Metropolis et al. (and used in many simulated
annealing calculations) as

1, AE<O0

[3]
exp(—AE/KT), AE > 0.

P(AE) = {
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This method causes fs(r) to move gradually closer to fo(r).
The value of T is chosen to alow the system to evolve to
the desired state as quickly as possible, without getting
trapped in any local energy minimum. For most simulated
annealing problems, T is varied as a function of time in the
simulation in order to reach the desired result as quickly as
possible. This variation of T as a function of time is known
as the cooling schedule.

This procedure can be naturally generalized to a more
complicated dependence on the positions of the particles.
This is done by considering a reference n-point correlation
function fo(r™), which depends upon n different positions
r"=rq,...,r,. Thebinning procedureisthen amultidimen-
sional one, but is essentially the same. Finally, one can even
extend the process to m different n-point correlation func-
tions by defining a reference function fy(r "), where

fo(r") = FE9(r") + £ 62(r" + -+ + 67",

[4]

(and a similar accompanying fs(r")) giving an energy

E= 3 Bi((r") = fo(r)?, (5]

where the sum is a multidimensiona one over all bins, and
again, §; depends implicitly on r " through the ith bin.

B. Procedure Using the RDF

For purposes of illustration, we specidize in this paper to
the case when the reference correlation function is taken to
be the well-known radial distribution function (RDF) g(r).
The quantity p27r g(r)dr givesthe average number of particle
centers in an annulus of thickness dr at a radia distance of
r from the center of aparticle (where p isthe number density).
In this case, we just must calculate all of the interparticle
distances and bin them. In this study, the bin width w, was
always chose to be 0.002 times the diameter of a disk. For
the case of using the RDF as the reconstruction function, we
have found that setting 5, = r; (°V, causes the system to
converge the fastest in most cases, where D is the dimension
of the system and is equal to 2 for hard disks.

We attempted to find an ideal cooling schedule for this
problem, but found that the behavior was not significantly
improved from the constant T case for the various cooling
schedules tested. The particles chosen for test moves can
either be chosen randomly or sequentialy. In the results
presented here, the particles were chosen sequentially.

C. Accuracy Tests

To test the accuracy of the reconstruction procedure, we
will not only compare the images of the systems but will
compare other correlation functions. Two such quantities
that we consider are the two-point probability function S,(r 4,

469

r,) (9), and the pore-size distribution function, P(r) (2).
The two-point correlation function is defined as the probabil -
ity of having two points, located at r, and r, which both lie
in the phase of interest (the disk phase in this case). Since
we will be dealing with an isotropic mediain al cases, we
can write this simply as S;(r), where r is the distance be-
tween the two points. For al isotropic mediain which there
is no long-range order, we know that

$(0)=¢ and limS(r) = ¢*

r—o

(6]

It should be emphasized that the two-point probability func-
tion is different from g(r) in that it emphasizes the correla-
tions between all points in the disks and not just the centers.

The quantity P(r)dr is defined as the probability that a
randomly chosen point in the void phase lies at a distance
between r and r + dr of the nearest point on the interface
between the two phases. It follows that the extreme limits
of the pore-size distribution function as

P(0) =s/¢ and P(x) =0, [7]
where s is the specific surface of the system. The pore-size
distribution function gives information about the ‘‘width of
the pores’ in the system. Because it is a measure of pore
size, it also indirectly contains connectedness information.
While both S;(r) and P(r) arerelated to g(r), they empha

size different features of the system; systems with similar
RDF’s will not necessarily have similar values of P(r).

I11. RECONSTRUCTION OF RANDOM SEQUENTIAL
ADSORPTION SYSTEMS FROM EQUILIBRIUM SYSTEMS

The first system studied was a non-equilibrium system
created by the random sequential adsorption process (RSA)
(5, 6). Inthis process disks are placed randomly and sequen-
tially on a surface such that each disk is adsorbed if it does
not overlap any of the disks already adsorbed. The geometri-
cal blocking effects and the irreversible nature of the process
result in structures that are distinctly different from corre-
sponding equilibrium configurations, except for low densi-
ties (5). The jamming limit (the final state of this process
whereby no particles can be added) occurs at a volume
fraction ¢ =~ 0.547 (7).

The reconstruction of the RSA systems was done at two
volume fractions. The first, ¢ = 0.20, was chosen because
it was a system which wasfairly similar to theinitial equilib-
rium system, but with enough differences for the change
between the two to be noticeable. The second volume frac-
tion used was ¢ = 0.543, which is very close the jamming
limit in two-dimensions. In this case, there is a significant
difference between the correlation functions associated with
RSA and the equilibrium system. It is also of interest due
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FIG. 1. The radia distribution function (RDF) g(r) vs the dimen-

sionless radial distance r/o for an RSA system with ¢ = 0.20 compared
to the reconstructed system.

to the difficulty in obtaining the RSA configuration at such
a high density. In this case, we might even expect to see the
difference visually, by simply looking at a picture of the
disks themselves.

In each case, an initial configuration of 5000 disks was
obtained by first starting with 5000 random overlapping
disks which were randomly (Poisson) distributed, and then
moving them to eliminate overlap. They were equilibrated
using a hard-disk potential until they reached an equilibrium
state and the RDF no longer changed as a function of time.
The densities used in this study were below the freezing
density for the two-dimensional hard-disk system, so crystal-
lization was not a problem. We have found that at higher
densities, starting with a random configuration (as opposed
to a crystal) leads to shorter equilibration times, especially
when the number of particles chosen is not a number associ-
ated with a vacancy-free crystal.

A. RSA at ¢ = 0.20 from an Initially Random Array

For this first case, the reference RDF is shown along with
the reconstructed RDF in Fig. 1. Here, the reconstruction
quickly reproduces the reference RDF, athough the fluctua-
tions in the RDF due to the low density of disks are signifi-
cant. One can show that the differences between the two
curves are indeed due to the fluctuations caused by a finite
number of particles in the bins by applying Eq. (A3) with
N = 5000, ¢ = 0.2, and w,/c = 0.08 (as was used in this
case for the sake of clarity) to get a predicted fluctuation of
about 0.04. This is very much in line with what is seen in
Fig. 1. Both S;(r) and P(r) aso are indistinguishable when
plotted together. This case was interesting not only as being
the most easily reconstructed system, but as a test for a
choice of temperature. Because the RDF in this system was
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very close to the initial equilibrium RDF, the temperature
had to be kept very low. If it was not kept low enough, the
reconstructed system would show more equilibrium behav-
ior, and this would be reflected in the RDF.

B. RSA at ¢ = 0.543 from an Initially Random Array

Figure 2 shows that the reference RDF and reconstructed
RDF still agree fairly well at ¢ = 0.543 in the RSA system,
athough the agreement is not quite as good as the case
where ¢ = 0.20. There is a dight discrepancy near the
minima and maxima of the origina RDF, with the peaks
being slightly larger in the reconstructed RDF. The reason
for thisis partialy due to the finite temperature used in the
reconstruction. This temperature, which allows some moves
to occur regardless of their effect on the RDF, causes the
system to have some small amount of equilibrium type be-
havior. This behavior is reflected by the more pronounced
extrema in the reconstructed system. However, the actua
disk systems themselves are difficult to distinguish visually.
Figure 3 shows two systems of disks, the first of which is
an actual RSA system at ¢ = 0.543, while the second is the
reconstructed system at the same volume fraction.

Like the ¢ = 0.20 case, the plots of S;(r) for the original
and reconstructed cases are practically identical. This is to
be expected due to the fact that the radia distribution func-
tions are so similar, and S;(r) essentialy contains less infor-
mation than g(r) for the hard-disk system. However, the
plots of the two pore-size distributions, P(r), show a bit of
a difference, with the reconstructed P(r) having a dightly
longer range. This is due to the fact that the reconstructed
system tends to ‘‘cluster’’ the particles together in order to
get the required contact values, while the original RSA sys-

8.0 T T T

RSA, ¢ =0.543

original

— — - reconstructed

6.0 i
5 40 b
2.0 q
0.0 . : ! :
1.0 2.0 3.0 4.0 5.0

t/c

FIG. 2. The radia distribution function (RDF) g(r) vs the dimen-
sionless radial distance r/o for an RSA system with ¢ = 0.543 compared
to the reconstructed system.
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FIG. 3. (a) A portion of a sample RSA system at ¢ = 0.543. (b) A portion of the reconstructed RSA system at ¢ = 0.543. (¢) Same as b, but with
the initial condition being a square lattice. The systems are fairly similar, but b occasionally contains large void areas which are not seen in the true

RSA system. Also, the initid lattice structure is clearly evident in c.

tem has very few large pores, due to the nature of the adsorp-
tion process.

C. RRA at ¢ = 0.543 from an Initially Ordered Array

A fina interesting example is that of reconstructing a
given disordered system from an initial ordered system. In
this case we started with a system of 5041 particles (712)
at a volume fraction of 0.543 initially arranged in a square
lattice, and attempted to evolve the system toward the RSA
system at ¢ = 0.543 used previously.

The final RDF is shown aong with the original RDF in
Fig. 4. The primary difference between the two is the dlight
oscillation seen at longer distances for the reconstructed sys-

tem that is not seen in the original system. To see where
this arises from, we can look at a picture of the reconstructed
system in part ¢ of Fig. 3 and see that there remains some
remnant of the initial lattice structure as evidenced by the
preponderance of vertical and horizontal organization of the
disks. This example gives strong evidence that the recon-
structed system can match the original RDF very well and
has a significantly different structure.

IV. RECONSTRUCTION OF STICKY-DISK SYSTEM
FROM EQUILIBRIUM SYSTEMS

The sticky-disk model used here is the one for which
Baxter (8) obtained the exact solution to the Percus—Y evick
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FIG. 4. The RDF g(r) for an RSA system vs the dimensionless radial
distance r/o with ¢ = 0.543, compared to the reconstructed version, in
which the reconstructed system began with the disks originally arranged in
a sguare lattice.

equation in three dimensions and calculated the equation of
state. In this model, the interparticle potentia is defined by

oo, O<r<o
pu(r) = ¢ —In[d/127(d — 0)], o <r<d [8]
0, r>d

in the limit that ¢ — d. The quantity 7" represents the
adhesiveness of the potential, and the hard disk limit is re-
covered in the limit that = — . Thus, clustering occurs
because of the adhesion in the potential. The variable adhe-
sion strength can be tuned to form clusters of larger and
larger size (as  becomes smaller and the adhesion becomes
stronger) in order to describe various systems. The algorithm
used to create these systems on the computer is the one
given by Seaton and Glandt (11). It should be noted that this
algorithm is a low-density approximation, and the resulting
systems are not true equilibrium configurations correspond-
ing to the potential in (8) . However, we are using this model
only as a means of producing aggregates of particles and
the low-density approximation will produce this effect.

The sticky-disk model, despite its simplicity, turns out to
be avery useful representation of many experimental colloi-
dal systems. Indeed, thismodel closely resembles the experi-
mental dispersions produced by Trau et al. (12) in which
monolayers of small spheres are deposited on surfaces via
electrohydrodynamic effects.

A picture of what a typical sticky-disk system looks like
is shown in Fig. 5, where ¢ = 0.4 and 7 = 0.05. Note that
partial crystallization is induced by the stickiness. Recon-
structions of these systems are made especialy tricky by
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the ‘‘singularities’’ that form in the RDF’s of the original
systems. Thisis due to the lattice that forms with the touch-
ing sticky particles. In afinite system, where binning is used,
there are no singularities as such, but there are bins which
contain one or two orders of magnitude more points than
their neighboring bins. We chose to study this case because
it is interesting to see whether or not the computer will
automatically discover the partial crystallization from the
RDF, or will try to make some other arrangement to obtain
the reference RDF. Note that the method we are using is
not necessarily the best method one would use to reproduce
a sticky-disk system but is useful in getting a feel for how
much information is in the RDF of the sticky-disk system.

A. Sticky Disk Model with ¢ = 0.543, 7 = 0.10

Thereference RDF and final reconstructed RDF are shown
together in Fig. 6. Although it cannot be displayed on the
graph, the singularities of the reconstructed system are sig-
nificantly smaller than those of the original system. (Note
that these heights are a function of the bin width, which in
this case is 0.002.) The reconstructed RDF looks signifi-
cantly different from the reference RDF. This is due to the
fact that, as the algorithm attempts to fill up the bins corre-
sponding to the singularities, it removes points from the
nearest bins, resulting in a significant deficit in those bins.
This curve was obtained after many iterations, and appears
to be the stable solution to the problem.

The curves comparing S;(r) for the two cases are shown
in Fig. 7. In this case, the agreement is somewhat better than
the agreement for the RDF comparison. Thisis not surprising
since S;(r) contains lessinformation than g(r) and so would

f -s-,”éi},&?.
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FIG. 5. A sample sticky-disk system with ¢ = 0.4 and 7 = 0.05.
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FIG.6. The RDF g(r) vsthe dimensionless radial distancer/o for the
sticky-disk system with ¢ = 0.543 and 7 = 0.10 compared to the recon-
structed version.

be less abl e to distinguish between the two cases. The recon-
structed image shows dlightly stronger correlations than the
original case. Thisis due to the fact that there is better short
distance packing in the real sticky-disk system than in the
reconstructed system.

One of the more significant differences between the recon-
structed image and the original image is seen in Fig. 8 from
comparing the pore-size distribution of the two. The pore-
size distribution is much longer ranged in the original image
than in the reconstructed image. This is due to the fact that
many of the disks in the original image were arrange in
tightly packed clusters, as opposed to the reconstructed im-
age which had the disks more spread out. Because of this,

T T T T
Sticky disk
$=0.543,71=0.10
—— original R
— — - reconstructed

0.60

0.50

S,(1r)

0.40

0.30

A ,
4
Mevarteyor

0.20 1 1 L 1
0.0 1.0 2.0 3.0 4.0 5.0

t/c

FIG. 7. The two-point correlation function S;(r) vs the dimensionless
radial distancer/o for the sticky-disk system with ¢ = 0.543 and = 0.10
compared to the reconstructed system.
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FIG. 8. The pore-size distribution function P(r) vs the dimensionless
radia distancer/o for the sticky-disk system with ¢ = 0.543 and 7 = 0.10
compared to the reconstructed system.

there were many large areas in the origina image which
had no disks, while this was not usually the case in the
reconstructed image.

B. Sticky Disk Model with ¢ = 0.543, 7 = 0.05

Inthis case, the disks are stickier, and the peaks associated
with the partial crystallization are higher, and constitute a
large part of the radial distribution function. This RDF's are
compared in Fig. 9. For this situation we find an even worse
agreement between the RDF’ s than we saw for the - = 0.10
case. This case is notable however, because the two-point
correlation function S;(r) of the reconstructed system also

5.0

Sticky disk

¢ =0.543

1=0.05
40 r b
30 h

S recon.
20 r b
\ -
1-0 7 MMN mM
SN

original —>

0.0
0.0 1.0 2.0 3.0 4.0 5.0

r/c

FIG.9. The RDF g(r) vsthe dimensionless radial distancer/o for the
sticky-disk system with ¢ = 0.543 and = = 0.05 compared to the recon-
structed version.
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FIG. 10. (a) A portion of the real sticky-disk system at ¢ = 0.543 and
7 = 0.05. (b) A portion of the reconstructed version of the same system
as a. The reconstruction cannot capture the crystallization in this case,
although there are much larger pores than one would expect in an equilib-
rium system.

does not match up well with the S;(r) associated with the
original system. The plot of S,(r) for the original image
decreases fairly monotonically to it long range value, while
oscillations are seen for the reconstructed image. Again, this
is due to the exclusions induced by the mostly disordered
reconstructed system. A real sticky-disk system at ¢ = 0.543
and 7 = 0.05 is compared against the final reconstructed
systemin Fig. 10. Note that the extensive crystallization seen
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in the true sticky-disk system is not seen in the reconstructed
version here.

Finally, the differences in range seen between the pore-
size distribution functions of the two systems shown in Fig.
11 are similar to those seen in the = = 0.10 case but are
magnified significantly. There is another difference between
the two images that stands out in this case. The partial lattice
nature of the original system causes a very specific size and
shape of pore to appear very often, corresponding to the
space between the disks which are arranged in a triangular
lattice. These pores make a strong contribution to the pore-
size distribution, and discontinuities appear in the pore-size
distribution because of these contributions. Because the re-
constructed model doesn’t have these pores which occur
very frequently, the distribution is much more continuous.

C. Discussion of Sicky-Sphere Results

The reason the curve does not approach the reference RDF
any more than it does is related to the fact that eventually,
many of the disks become part of a disk pair that makes up
abin at asingularity distance. Because these bins values are
still far away from the reference RDF values, it becomes
very expensive energy-wise to move them out of that bin,
so they effectively get stuck there. Soon, most of the particles
are associated with one of these singularity bins, and it be-
comes difficult to move them without having a temperature
in the system which is prohibitively large.

Thisfinal result is definitely not at all similar to the origi-
nal sticky-disk system. The primary difficulty in reaching
the sticky-disk system is that it becomes stuck in these inter-
mediate states, which is a standard problem of simulated
annealing type of calculation. However, the reason that it is
S0 easy to get stuck in these states is that the radial distribu-
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FIG. 11. The pore-size distribution function P(r) vs the dimensionless

radial distancer/o for the sticky-disk system with ¢ = 0.543 and 7 = 0.05
compared to the reconstructed system.



RECONSTRUCTION OF THE STRUCTURE OF DISPERSIONS

tion function is a two-particle correlation function and does
not measure any sort of collective behavior. If one used, for
example, athree-particle distribution function, the triangular
lattice that underlies many of the smaller clusters would
be immediately obvious. When at two-particle distribution
function is used, there is very little incentive for the system
to collect particles in a lattice shape.

V. DISCUSSION OF METHOD

As stated earlier, there is an implicit assumption of ergo-
dicity in the system which is being reconstructed when the
reference function is only a function of r. In terms of this
problem, this means that we can use a single large system
to reconstruct the system instead of devising a scheme which
involves averages over different realizations. For an ergodic
system, the spatial average over al of the particles of one
large system replaces the average over redizations. In a
similar manner, any reference function obtained from a sta-
titically isotropic experimental system will also be ergodic
in the limit of an infinitely large experimental system. In
practice, one deals with finite experimental systems, but we
have found that this simply causes the reference function to
be dlightly noisy and doesn’t significantly change the struc-
ture of the reconstructed system.

One modification that could have been made to the sticky-
disk case (and other similar cases in which ones has hard
disks with attractive forces) was to change the step choosing
agorithm to sometimes attempt to move a particle to be
adjacent to one or more other particles. The relative fraction
of moves of this type and totally random moves could be
adjusted constantly by the program as it progresses so as to
maximize the convergence toward the final result. Written
in this manner, the program could be applied to general cases
in which there was no stickiness and quickly realize this by
the lack of a deltafunction at the origin and adjust its param-
eters accordingly.

We again emphasize the fact that the method defined here
could be used for any correlation function f(r). We have
specialized here to when f(r) is equal to g(r), but other
functions would also be natural for the systems studied here.
The collective behavior exhibited by the sticky-disk system
could have been better captured by the three-particle distri-
bution function, gs(r4,r»,rs). It would have also been inter-
esting to use the pore-size distribution P(r) as given infor-
mation. Thisis a different type of distribution function from
the point of view that it does not provide n-point informa-
tion, but gives the distribution of minimum distances from
a randomly chosen point in the void space to the nearest
surface. Because of this definition, it also contains some
degree of connectedness information. The partially crystal-
line structure of the sticky-disk system is seen by this func-
tion also due to the preponderance of distances associated
with the small pores between the particles when they are
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arranged in a lattice. But like the reconstruction with g(r),
the particles would likely try to arrange themselves in a
different fashion in order to match this distribution.

If one was especialy interested in the clustering in the
system, functions which reflect clustering properties would
be more useful than g(r), such as the pair-connectedness
function (3) and the two-point cluster function (4). The dif-
ficulties that we encountered while trying to reconstruct the
sticky-disk systems were related to the fact that the RDF
did not contain this information, and were not related to the
simulated annealing method itself. The only drawback of
using cluster oriented correlation functions is that they are
normally somewhat more difficult to compute, and therefore
increase the time used in the simulation. In order for the
agorithm to work effectively, one must be able to easily
calculate the change in the correlation function when a disk
is moved, and most of the reference correlation functions
suggested fall into that category.

Although we specialized to equi-sized disksin thissimula-
tion, our procedure can treat disks or spheres with a size
distribution. Moreover, if the reference system was not a
particle system, it might be more appropriate to use a pixel-
based model in which a discrete grid of squares or cubes is
used as the system on which the reconstruction is done. A
random selection of pixels could be assigned as being occu-
pied, corresponding to the volume fraction of the system
being reconstructed. Then, the reconstruction could be per-
formed in a manner similar to the disk system by taking an
occupied pixel, and exchanging its position with an unoccu-
pied square. The move would be rejected or accepted based
on whether or not the new correlation function for the system
was ‘‘closer’’ to the reference function. This method is ap-
propriate for digitized media, in which there could be a
one-to-one correspondence between the pixel in the original
digitized image and the sguares in the reconstruction grid.
For the grid reconstruction, one would not be able to use n-
particle distribution functions as the correl ation function, but
one could still use n-point correlation functions.

VI. CONCLUSIONS

The reconstruction agorithm which we have presented
here gives a quantitative means by which a system can be
reconstructed from one or more correlation functions that
are associated with the system. This algorithm is a straight-
forward application of simulated annealing, which has
proven to be highly effective in many other applications
which require one to “*search’’ through many solutions to
find the optimal one for a problem. For low density systems,
this method can quickly reproduce most of the structural
properties in the system, given a reference RDF. At high
densities, the method still gives a reasonable reconstruction
of the original system, assuming there is no tendency for
the particles to aggregate. Although the specific method was



476

not able to reproduce the high density aggregated systems
which were tested, we believe this to be more related to the
specific implementation than the general ssimulated annealing
algorithmitself. Finally, we were able to generate two differ-
ent systems with greatly varying amounts of disorder but
practically identical RDF’s. Thisimportant result shows the
limitations of using the RDF alone to reconstruct al struc-
tural information in a system.

APPENDIX: FINITE-SIZE RECONSTRUCTION PROBLEM

In all of the specific reconstructions studied in this paper,
we have started with a reference RDF which was assumed
to be ‘‘perfect.”” Although the reference RDF’ s were simply
obtained through simulations of a finite number of particles
themselves, one could average over an arbitrarily large num-
ber of ensembles until the fluctuations had been reduced to
a prescribed small amount. However, in areal experimental
system, one often has asingle realization of alimited number
of particles. Because of the finite number of inter-particle
distances, the widths of the bins used to obtain the RDF
must be kept large enough so that fluctuations don’t over-
whelm the RDF. On the other hand, if the bins are too wide,
there is not enough information to accurately reproduce the
experimental system.

One can choose the optimal bin width based on the size
of the fluctuations that one iswilling to tolerate. If we define
w, as the width of the bins, and N as the number of disks
in the system, we can calculate the approximate number n
of inter-particle distances which would fill the bin centered

aras
n ~ 8<£><%)¢Ng(r).
g g

Since the fluctuations will go approximately as Vn, the rela
tive error in n will go approximately as 1/Vn. If we set
egual to the relative error that we desire, then we know that
our bins must be on the order of
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where g(r) = 1 for all values of r except those near o.
Since we want w, to be large enough to handle the worst
case, we must choose the maximum value of the right hand
side of the previous eguation. For most cases, this occurs
when r/o =~ 1.5 and g(r) is somewhat less than 1, giving
their product to be approximately unity. Thus, we can write
that the best choice for w; is

Wy 1

—_—

o~ BaZoN [A3]

In a similar manner, if one is starting with *‘perfect’’ refer-
ence RDF, then the above formula gives the relation between
the number of disks and the bin width that one uses in
reconstruction agorithm.
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