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We present an optimization method to design three-dimensional composite microstructures with
multifunctional characteristics. To illustrate the fascinating types of microstructures that can arise in
multifunctional optimization, we apply our methodology to the study the simultaneous transport of
heat and electricity in three-dimensional, two-phase composites. We assume that phase 1 has a high
thermal conductivity but low electrical conductivity and phase 2 has a low thermal conductivity but
high electrical conductivity. The objective functions consist of different combinations of the
dimensionless effective thermal and electrical conductivities. When the sum of the effective thermal
and electrical conductivities is maximized, we find that the optimal three-dimensional
microstructures are triply periodic bicontinuous composites with interfaces that are the Schwartz
primitive (P) and diamondD) minimal surfaces. Maximizing the effective thermal conductivity and
minimizing the effective electrical conductivity results in a special dispersion of inclusions in a
connected matrix. The effective properties of both the bicontinuous and singly connected
microstructures lie on known optimal cross-property bounds. When the sum of the effective thermal
and electrical conductivities is minimized, the result is the three-dimensional checkerboard, which
is the optimal single-scale microstructure. It is important to note that current fabrication techniques
enable one to manufacture all of the aforementioned optimal single-scale composit@8030
American Institute of Physics[DOI: 10.1063/1.1611631

I. INTRODUCTION systems must be able to perform a variety of functions well,
i.e., roughly speaking, biological materials are “optimized”
A variety of performance demands are increasingly befor multifunctional purposes. Currently, there are only a few
ing placed on material systems. The current trend to develogxamples that rigorously demonstrate the effect of competing
such multifunctional materials has been further fueled byproperty demands on synthetic composite microstructures.
progress in our ability to synthesize materials and to desigiThe purpose of this article is to find additional examples
and analyze materials via computer simulations. Multifunc-using first principles(cross-property relations and the nu-
tional requirements include component structures that haveerical topology optimization method, as explained bglow
desirable mechanical, thermal, electromagnetic, chemicahnd develop insights about these intriguing optimal micro-
and flow properties, and low weight® Desirable mechani-  structures.
cal properties include stiffness, ductility, and strength. Useful  In the most general situation, it is desired to design a
thermal properties include high thermal conductivity to dis-composite material withN different effective properties,
sipate heat and thermal expansion characteristics that matethich we denote bV K, ... KN | given the individual
the attached components. In the case of porous cellular soproperties of the phases. In principle, we would like to know
ids, heat dissipation can be improved by forced convectiofthe region(seb in the multidimensional space of effective
through the material, but in these instances the fluid permeproperties in which all composites must (igee Fig. 1 The
ability of the porous material must be large enough to mini-size and shape of this region depends on how much informa-
mize power requirements for convection. It is difficult to find tion about the microstructure is specified and on the pre-
single homogeneous materials that possesses these muleribed phase properties. For example, the set in which even
functional characteristics. the volume fractions are not specified is clearly larger than
Composite materials are ideally suited to achieve multithe one in which the volume fractions are specified. The
functionality since the best features of different materials camietermination of the allowable region is generally a highly
be combined to form a material that has a broad spectrum afomplex problem. However, the identification of the allow-
desired properties. The ultimate multifunctional materials areible region can be greatly facilitated ifross-property
provided by nature; virtually all biological material systems bounds on the effective properties can be found. Cross-
are composites that typically are endowed with a superior sgiroperty bounds are inequalities that rigorously link different
of properties. This is clearly due to the fact that biologicaleffective properties to one another. For example, links be-
tween different transport propertfe§ and between the con-
3Author to whom correspondence should be addressed; electronic maifluCtivity and elastic moduli'® have been established. When
torquato@princeton.edu cross-property bounds are optim@le., the best possible
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In Sec. I, we review previous work on rigorous single-
property bounds and cross-property bounds between the
electrical and thermal conductivities of three-dimensional
composites. In Sec. Ill, our general numerical procedure for
multifunctional optimization is described. In Sec. IV, we
present the optimized microstructures that we find for vari-
ous objective functions involving the electrical and thermal
conductivities and compare our results to cross-property
bounds. Concluding remarks are given in Sec. V.

All composites

Property K 22)

) il Il. RIGOROUS BOUNDS AND CROSS-PROPERTY
Property K, RELATIONS

FIG. 1. Schematic illustrating the allowable region in which all compositesA' Hashin—Shtrikman bounds
with specified phase properties must lie for the case of two different effec-

tive properties. Consider a three-dimensional isotropic composite mate-

rial that consists of phase 1 with conductivity and volume
fraction ¢4 and phase 2 with conductivity, and volume
fraction ¢,(=1— ¢,). The effective conductivityr, of the
composite is bounded by the Hashin—Shtrikm@#S)>*

bounds, they can be used to identify the boundary of thebounds, which are given by

allowable region. Numerical optimization methdtig® can

subsequently be employed to discover the specific composite Dro(01—05)? _ D11~ 05)?
microstructures that lie on the boundary. T TG + 20min <oe={0)= () +20max
In this article, we adapt the topology optimization )

method!1%141518for the multifunctional optimization of
three-dimensional composites. With a few excepti5rs,
the topology optimization technique has primarily applied to  (o)=01¢1+ 022, (T)=01¢+ 0201, (2
extremize asingle effective property. To illustrate our meth-
odology, we consider the optimization involving two differ-
ent effective properties for three-dimensional, two-phas
composites: scalar effective electrical conductivity and
scalar effective thermal conductivity, .

By mathematical analogy, all of our results apply to any
of the pair of the following scalar effective properties: elec-

trical conductivity, thermal conductivity, dielectric constant, effective conductivity given only the volume fractions and

andl mtag?ﬁ tlcmpexrimiezali:llta/. -I;hrlf’ fortrer:(ampiie, r?;rﬂ"\a;'u“ﬁhe phase conductivities because they are known to be attain-
apply 1o ) € maximization of mass ftransport and Tow oty by several different types of structures. These attainable
electricity; an optimization problem of relevance for Interca'structures include certain multi-scale structures, such as

lation cathodes in batteri€s. pace-filling singly-coated sphefés and hierarchical

We consider cases in which phase 1 has a high therm%minates’:azﬁ Moreover, in two dimensions, Vigdergaiiz
conductivity but low electrical conductivity and phase 2 hashas shown that there is a special dispersion of single-scale

ihlowghertmal fcon(tj_uctlwty bgtthlgg_glectntcal C(E)r.]dut(.:t'v'ty'finclusions in a connected matrix that realize the two-
€ objective Tunctions consist of difierent combinations ol ;0 gignal HS bounds. The three-dimensional analogue of

the effective thermal and electrical conductivities. When the, .\ 4 ansional single-scale Vigdergauz struciires

sum of the effective thermal and electrical conductivities '.Smost likely realize the HS bounds, although this has not been

maximized, we find that the optimal three-dimensional m"proved rigorously yet. In Sec. IV, we provide numerical evi-

;:rostruc'flyr:es arerz blclinntlrvlvuorus ]Elrr'p:y rperlor:h((:j mi:1n|mal S#r'rgence that Vigdergauz-like dispersions realize the three-
aces. ese results were first reporte a shorfy - sional HS bounds.

communicatiort? but here we provide details that were not
given there. Maximizing the effective thermal conductivity
and minimizing the effective electrical conductivity results in
a special dispersion of inclusions in a connected matrix. The ~ When multiple properties, e.g., transport properties, elas-
effective properties of both the bicontinuous and singly contic moduli, permeability, and diffusion coefficient are to be
nected microstructures lie on known optimal cross-propertydetermined in a composite material, one can utilize cross-
bounds*® When the sum of the effective thermal and elec-property relations to estimate one property easily from an-
trical conductivities is minimized, the result is the three-other one®'° These physical characteristics are rigorously
dimensional checkerboard, which is the optimal single-scaléinked to each other because these properties reflect the mor-
microstructure. It is noteworthy that current fabrication tech-phological information about the heterogeneous media. The
nigues enable one to manufacture all of the aforementionedross-property relations are especially useful if one property
optimal single-scale composités.? is more easily measured than the other properties.

where

ando i, and o, denote the smallest and largest phase con-
ductivities, respectively. Because of mathematical analogy,
$hese bounds for the electrical conductivity translate imme-
diately into equivalent bounds for the effective thermal con-
ductivity, dielectric constant, magnetic permeability, and dif-
fusion coeffient.

The HS bounds are the best bourids., optima) on the

B. Cross-property relations
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Consider a two-phase composite material in which phase 1 —
i has electrical conductivity; , thermal conductivity; , and - ¢, =05
volume fractiong; , wherei=1 or 2. Cross-property bounds ’ \\
exist between the effective electrical conductivity and Ae 06 ' < n
thermal conductivityr.. Bergmafl derived the following M o4l x\
cross-property bounds: ’ o

0.2

AN 007 .

Ne— bihi—dhz  Te— $r01— boos °0 0204 0608 1

3()\20’1_0'10'2) 06/0.2

~ PrdaNa— A1) (0o— 1)’ &)
XZ_Xl _ 5’2—5'1
(A) (B) ©

Xe_ ¢17\1—¢2X2 ae_ ¢15-1_¢25-2

3 X T _X T FIG. 2. Cross-property bound8) and(7) in the o.—\. plane at a volume
= ( 271 ! 2) , (4) fraction ¢,= ¢,=1/2 for a case of ill-ordered phases in whieh=0.1,
¢1¢2(X2_X1)(5’2_51) o,=1, \y=1, and\,=0.1. The basic structural units corresponding to

points A, B, and C are shown. Point D is achieved by certain bicontinuous

~_ ~_ . . structures. The curves corresponding to the larger lens-shaped region are the
where 5=1/c and A=1/A. Relation (3) gives an upper cross-property bounds for arbitrary volume fractions for the same choice of

(lower) bound and relatiori4) gives a lower(uppe) bound  phase properties.
when the sign of

ANoo1— N0
2 1_ 192 (5)
01702 )
. ., . . . . _ p1po(02—01)
is positive (negativé. By employing the three-dimensional O (P2)= 101+ pooo— 3(10at dyo))’
phase-interchange inequality 12 r v

®

06(01,02)06(02,01)  0e(01,0,)+0¢(02,07) P1da(Ao—N1)?
= A =P AN+ D No— —————————.
10, + o1t o, =2, *(P2)=p1N1+ dok; 3ot dohD)

(6)
Milton® conjectured and Avellanedet al® proved that the

aforementioned lower boundvhen Eq.(5) is positivg for
isotropic media can be improved by

We emphasize that this point lies on Bergman’s bound.

It is noteworthy that any composite structure corre-
sponding to this point has a three-point microstructural pa-
rameter{,=1—{¢;, which arises in the Beran three-point

) bounds on the effective conductivity;*® that is exactly

og1+t20;5 (0t 20, oot 204

01702 20'1_0'e

given by{,= ¢, (or {;= ¢,). This is easy to verify by com-

paring the Beran bounds, which are exact through third order

in the difference in phase conductivities, to the effective con-
(7)  ductivity expression in E¢®8).

Figure 2 shows the lens-shaped region defined by the
We note that such cross-property relations have been geneross-property bounds Eg8) and(7) in the o.—\, plane at
alized to treat any number of phasés. a volume fractionp,= 1/2 for a case of “ill-ordered” phases
The bound Eq(7) is optimal because it is realizable by in which ¢;=0.1,0,=1,A;=1, and\,=0.1. Points A and

doubly-coated spheres, which degenerate to the HS singlye, which define the intersection points of the lower bound
coated spheres when one of the coating thicknesses is zerand upper bound curves, are realized by the HS singly coated
For doubly-coated spheres, one phase is always disconnectagsemblages of spheres and are special limits of the afore-
(except in the trivial instance in which the volume fraction is mentioned doubly coated spheres model, indicated by point
unity). The reciprocal bound E@3) was shown by Miltonto B in the figure. Point D on the upper bound corresponds to
be optimal at five distinct points on this bound. One of thesehe aforementioned bicontinuous multiscale composite. The
points in theage,—\. plane, which we denote byo{, ,\,), basic structural units corresponding to points A, B, and C are
corresponds to a special bicontinuous multiscale compositeilso shown in the figure. We will show below that our mul-
a polycrystal in which each grain is composed of a laminatdifunctional optimization procedure leads to certain single-
consisting of alternating slabs of phases 1 and 2 such that thezale bicontinuous structures that correspond to point D. We
slab thicknesses are much smaller than the size of the graamiso include in Fig. 2 the corresponding cross-property
and the grains are randomly orientédThe effective con- bounds for arbitrary volume fractiorthe larger lens-shaped
ductivitieso, (¢,) and\, (¢,) of such a statistically isotro- region), which are obtained by the union of the sets defined
pic polycrystal are given by by bounds Eqs(3) and (7) over the volume fractions.

01702
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11l. OPTIMIZATION TECHNIQUE FOR M
MULTIFUNCTIONAL DESIGN > xi=1, i=1,..n
a=1

To determine the optimal microstructures of heteroge-
neous media for multiple properties, we utilize the conven-
tional topology optimization techniqué?The topology op- and prescribed symmetries.
timization technique has been used to determine optimal
structures without imposing the underlying topology. ThisHerew; is the weighting factor associated with tfté effec-
feature is very important because the effective properties of tive propertyK(e”. Clearly, changing the weighting factors
composite depend sensitively on the connectivity of thechanges the objective function. A higher positive weighting
phases. This technique has been adapted to various typesfaftor can be assigned when some property is deemed to be
other optimization schemes, including target of greater importance in the optimization problem. A nega-
optimization*>** To apply this optimization technique for tive weighting factor is used when the corresponding prop-
the problem of multifunctional optimization, the objective erty is to be minimized.
function will need to be modified, as will be described below. ~ The objective functiom is generally nonlinear. It can be

It is useful to review the salient points behind the stan-linearized by expanding(g)(x) in Taylor series around a
dard topology optimization scheme. Consider a compositgiven microstructures:
material that consists dfl phases such that each phase is
characterized byN material properties. To begin, the design
domain is digitized _intm finitg elemen'ts. To simulqte infin_ite. whereAx=x—x, is the vector of density changes. Thus, the
systems, we consider a simple unit domain with pe”Od'Cobjective function is given by
boundary conditions. One could begin by making an initial
guess for the distribution of the phases among the elements, :
solve for the local fields using finite elements, homogenize, D=d(x0) + '21 WJVKQ)'AX- 11)
and then evolve the microstructure to the optimal configura- a
tion. However, even for a small number of elements, thisThis linearized objective function enables us to take advan-
integer-type optimization problem becomes a huge and intage of powerful sequential linear programming techniques.
tractable combinatorial problem. In each iteration, the microstructure evolves to the optimal

Following the idea of standard topology optimization state by determining themall changeAx. In each iteration,
procedures, we relax the problem by allowing the material athe homogenization step to obtain the effective property
a given point to be a gray-scale mixture of the phd$&sin  KU(x,) is carried out numerically via the finite-element
the relaxed system, we lef, =[0,1] be the local density of method on the given configuratiox,. Derivatives of the
phasea (@=1,2,...M) in theith element, so that whex|, effective material properties(<\") are calculated by a sen-
=0, the element is devoid of phaseand whenx,,=1, the  sitivity analysis which requires a finite element calculation
element is entirely phasen. Let x (x,;i=1,.n,a for each property. Towards the end of the simulation, penal-
=1,..M) be the vector of design variables which satisfiesizations are implemented so thd} takes on the binary val-
the constraints for the fixed phase volume fractiafhs  ues zero or unity. The reader is referred to Sigmund and
=3" x'/n such that =M  ¢.,=1. Let K (KU; j  Torquato for additional details regarding the topology opti-
=1,..N,a=1,...M) be the tensor of material properties of mization method? Here we follow Hyun and Torquatbby
the phases. For any the local fields are computed using the using the interior point methd@ito solve the linear program
finite element method and the effective propeng)(x), as opposed to the simplex method used in Ref. 12.
which is a function of the densitiesand of course depends For concreteness, we illustrate the multifunctional opti-
on the individual material propertid$, is obtained by the mization method by considering a three-dimensional two-
homogenization of the local fields. Here we assume that thphase composite that is characterized by two scalar effective
composite is macroscopically isotropic and it is implicitly properties, namely, the effective thermal conductivity,
assumed that the scalar effective propertigd’(x)  and effective electrical conductivity,. The objective func-
(j=1,...N) have been appropriately made dimensionless. tion for ill-ordered phasesd;>o,,A;<\,) becomes

For the optimization problem involving multiple proper Ae(X) o(X)

X =0, i=1,.n, a=1,.M

KU (x) =K (xo) + VK- Ax, (10

N

ties (KU); j=1,..N), we take the objective functio® to d=w, W, _ (12)
be the weighted average of the effective properties. The mul- M 02
tifunctional optimization problem is defined as follows: We selected four different objective functions as follow:
when the weighting factors ame, =w,=1, both properties
N are maximized;2) when the weighting factors ane;=1,
max &= 21 ijg)(x), (90  w,=—1, the thermal conductivity is maximized but the elec-
=

x trical conductivity is minimized(3) when the weighting fac-

tors arew;=—1, w,=1, the thermal conductivity is mini-

n mized but the electrical conductivity is maximized; af@l
subject to: }E X =g a=1,..M when the weighting factors ame,=w,= —1, both proper-
n<s e T ties are minimized.
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The unit domain was chosen to be a cube and was digi-
tized by small cubic finite elements (80X 80). Geomet-
ric symmetry (threefold-reflection symmetjywas imposed
to ensure isotropy of the effective conductivity tensors. This
makes the effective domain 220X 20 voxels.

IV. RESULTS

All of our multifunctional optimizations were carried out
at a volume fractionp,;= ¢,=1/2. We considered a case of
ill-ordered phases in which

FIG. 4. Morphology of phase 1o(;=0.1,\;=1.0) viewed at different
0'1:0.1, 0'2:1.0, )\1:1.0, )\2:01 (13) angles.

Thus, phase 1 has a high thermal conductivity but low elec-
trical conductivity and phase 2 has a low thermal conductiv-
ity but high electrical conductivity. We examined four differ-
ent sets of weighting factorsv;, w, and therefore four
different objective functions. However, two of these objec-
tive functions lead to the same structures but with the phases
interchanged. Once the structures were determined, we ther
directly computed the effective electrical and thermal con-
ductivities for a case in which the composite possesses well-
ordered phases such that

0'12002, 0'2:10, )\1:001, )\2:10 (14)

FIG. 5. Morphology of phase 20(,=1.0,\,=0.1) viewed at different
A. lll-ordered phases angles.

We found various classes of optimal microstructures
achieving the cross-property bounds for specified optimality

conditions. Depending on the values of th_e we|g.ht|ng faC'the sum of the effective thermal and electrical conductivities
tors, we found three different types of optimal microstruc-;

- b . Viad d checkerb is maximized sets up @ompetitionbetween the two effective
tures: bicontinuous, - Vigdergauz-type, and - checker Oargsroperties. We find that the optimal result is a bicontinuous

structures. Interestingly, the bicontinuous microstructure omposite, as shown in Fig. 3. Bicontinuouscomposite is

(wh|ch do not exist in two dme_n_smmngmmlze both the one in which both phases are connected across the sample.

electrical and thermal conductivities for ill-ordered phases. This topological featurdi.e., percolation of both phasets

1. Bicontinuous structures: Minimal surfaces rare in two dimensions and therefore virtually unique to three
First, we took the objective function to be given hy dimensions. Bicontinuity allows the structure to maximize

+ 0, (Where, = a,=1), i.e., we maximized both properties both properties for the case of ill-ordered phases. The mor-

with same weighting factorsa; =w,=1). Demanding that phology of both phases in this structure are identicale
Figs. 4 and § although at first glance they do not appear to

be so.(A shift of the unit cell of Fig. 4 by half of the unit cell
length in all directions leads to the unit cell of Fig) Blote
that this bicontinuous structure achieves the datwithin
small numerical errgrshown in Fig. 8 for the cross-property
upper bound on the sum of the two conductivities in which
Ne= 0= 0.427. Although we have fixed the volume fraction
at ¢1= ¢,=1/2, the topological property of bicontinuity will
extend to other volume fractions.

Based on visual inspection of the optimal structure pro-
duced via the topology optimization method, we hypoth-
esized that the bicontinuous structure is a Schwartz primitive
(P) surface, a well-known triply periodic minimal surface
with simple cubic symmetry. To verify that this indeed is a
SchwartzP minimal surface, we must find an exact represen-
tation of it and then compute its effective properties. Mini-
mal surfaces can be characterized exactly using a Weierstrass
FIG. 3. A bicontinuous optimal structure 1/2 corresponding to (complex integrationrepresentation, but in practice this is
max'im.ization of the sum %f the effective Z)Itéctgiséal and thermF;I concglluctivi-dIffICUIt to use numerlcally. Instead, we l,!tl|lzed a ,Land,au
ties (oot \g) for ill-ordered phases in whiclr;=0.1, o,=1, \;=1, \, free-energy type mod&to calculate numerically a discreti-
=0.1. Shown is a X2X2 unit cell. zation of a potential/(x) such thaty(x)>0 for points in
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FIG. 6. Unit cells of two different minimal surface@eft) Schwartz simple
cubic surface andright) Schwartz diamond surface.

phase 1 and/(x)<0 for points in phase 2. At the phase
interface,(x) =0, which in this case is a Schwai®zmini-
mal surface. ) ) ) ) ) ) o
We obtained the data for this potenti&iom the authors FIG. 7. A three.-dlmensmna_l Vlg_dergauz_-type dispersion of |nc|_us!0ns_ ina
. connected matrix phase &t = ¢,= 1/2 which corresponds to maximization
of Ref. 33 on a 64 unit cell as well as one for another of o, and minimization of\, for ill-ordered phases in whick;=0.1, o,
minimal surface with macroscopically isotropic effective =1, x;=1, \,=0.1. Shown is a X2x 2 unit cell. If the phases are inter-
conductivities, namely, the Schwartz diamofid) surface changed, the same structure minimizgsand maximizes\. . Itis seen that
(see Fig. & From these potentials, one can readily makes SThcue = il sl or e sum of e coductesfor vl
discretizations of bicontinuous two-phase composites having;y "o,
a minimal surface as the two-phase interface boundary. We
then used a finite-element code to calculate numerically the
effective conductivities of these ComDOSiteS. Remarkably, Wey| rigorous approach to proving that these minimal surfaces
found that the Computed conductivities for both Schwatz are indeed Optima| would be to use minimum energy prin_
and D surfaces matched the ones predicted by the crosgiples to develop optimality conditions on the fields and ul-
property upper bound up to three decimal places for casgmately on the mean curvature of the interface between the
(13). Importantly, we also computed the effective conductivi-phases. Such a study will be the subject of a future article.
ties for a wide range of phase contrasts, including theyote that if one breaks the symmetry of the problem by
infinite-contrast cased; /o,—0, N1 /N ,—<0) and found the  moving off the point, = ¢,=1/2, the optimal structuréf
same agreement with the corresponding analytical result$ exists will still be bicontinuous within a neighborhood of
This provides strong evidence that these minimal surfaceg, = ,=1/2 but will not be a minimal surface. In future
indeed realize the upper boulithin numerical errox, in-  studies, it will be interesting to investigate whether such
dependent of the phase contrast. In light of the discussion a&fryctures are bicontinuous structures with interfaces of con-
the end of Sec. II, the three-point microstructural parameterstant mean curvature, which become minimal surfaces at the
for the SchwartZ? and D bicontinuous structures are equal point ¢, = ¢,= 1/2. Two-phase composites with interfaces of
and given byl,={;=1/2. constant mean curvature are also objects of great int&r&st.
How do minimal surfaces arise when “surface tension” A remark is in order Concerning the ana]ogous “optimi_
is absent in our problem? First, observe that the case exangation” problem in two dimensions. For the ill-ordered case
ined here represents a special point on the cross-properfiefined by Eq.(13) at ¢;=¢,=1/2, the analogous two-
upper bound(see Fig. 2 The phase volume fractions are dimensional cross-property bouridsollapse on to a single
identical (¢;1= ¢,) and the dimensionless conductivities arecyrve. Indeed, the same collapse occurs for the more general
identical (e/0o2=\e/N1). Therefore, the system possessessituation\;/\,= o,/ and ¢, = ¢,= 1/2. Thus, the effec-

phase-inversion symmetry, i.e., the morphology of phase 1 i§ve properties are uniquely determined and there is no room
identical to the morphology of phase 2; see Ref. 3 for a morgor optimization.

general definition. We also know that if optimal single-scale

structures exist, they must be bicontinuous composites.

Moreover, in our numerical optimization study, we imposed?- V/9d€rgauz-type structures

simple cubic symmetry. In summary, an optimal composite  When the objective function is given by the sum
should be bicontinuous, possess phase-inversion symmetry @.— o) or (6e.—\.), we found three-dimensional generali-
a volume fractiong;= ¢,=1/2, and possess simple cubic zations of the two-dimensional Vigdergat(zin the first
symmetry. The Schwart2 surface meets all of these condi- case, the thermal conductivity is maximized and electrical
tions. On the other hand, if we imposed the symmetry of theconductivity is minimized ;= 1w,=—1), and the result-
diamond lattice, we see from our subsequent numerical calng structure is shown in Fig. 7. The effective electrical con-
culations, we would have expected to find the Schwértz ductivity o is given by 0.4706 and the effective thermal
surface. Thus, provided that the composite is macroscopiconductivity A is given by 0.2940. In the second case, the
cally isotropic at ¢,;= ¢,=1/2, the minimal surface that thermal conductivity is minimized and electrical conductiv-
achieves the point on the upper bound is not unique. A fruitity is maximized (v;=—1w,=1), and the resulting struc-
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FIG. 8. Cross-property bounds and simulation data for the effective electri-

cal o, and thermal . conductivities for ill-ordered phases(/o,<1 and
N1/N,>1) as specified by Eq13).

FIG. 9. At ¢,=¢,=1/2, the three-dimensional checkerboard is the best
single-scale structure that we obtained when both properties are minimized
with same weighting factors. Shown is &2 X 2 unit ce 1. Note that this

. . . . . structure does not achieve the lower bound of the sum of the two conduc-
ture is not shown since it is the phase-interchanged versiofiities obtained from the cross-property relatigh, as shown in Fig. 8.

of Fig. 7. Hereo, is given by 0.2940 and . is given by

0.4706. Note that these structures reside on the corners of the

cross-property bounds corresponding to the minitnaxi-  Ed- (14), the HS bounds on the electrical conductivity are
mal) electrical and maxima(minimal) thermal conductivi- 9iven by oy=0.4137 ando =0.07614. The same bounds
ties (Fig. 9. It is not surprising that multifunctional optimi- ©On the thermal conductivity are given by,=0.4052 and
zation problems reduce here to single property optimizations:L = 0.03856. When phase 2 is connected, the computed ef-
i.e., the optimal structures correspond to the HS bounddective conductivities are given byr,=0.4097 andA.
Thus, the three-dimensional Vigdergauz structures possess0-4027. When phase 1 is connected, the computed effec-

one connected phase and one disconnected phase. tive conductivities are given bys=0.08006 and\
=0.04362. Note that the effective properties for the other

two types of optimal structuredicontinuous structures and

o o . checkerboard lie very close to the cross-property upper
When the objective function is defined by the sumpgynd.

(=Ne—0¢) (i.e., minimizing both properties,w;=w,
=-1), the optim_iz_ation method did not find any microstruc- V. CONCLUSIONS

ture exactly realizing the lower cross-property bound. Nev-

ertheless, the optimized structures in the intermediate steps Increasingly, a variety of performance demands are be-
suggest that the three-dimensional checkerboard paisrn ing placed on material systems. Composite materials are ide-
shown in Fig. 9 could be the best obtainable single-scaleally suited to achieve multifunctionality since the best fea-
structure to minimize both conductivities. The computed eftures of different materials can be combined to form a
fective electrical conductivityr, (equal to the effective ther- material that has a broad spectrum of desired properties.
mal conductivityh ) of the three-dimensional checkerboard
is given by 0.3893. This value is to be compared to the

3. Three-dimensional checkerboard

cross-property lower bound of 0.3655 for the arithmetic av- oo | 0,05, 6,/0,=0.02, AA=001
erage of the two effective conductiviti€se., (oe+\g)/2]. 0'8 - [—— lower bound (10)
) ———- upper bound (6)
B. Well-ordered phases 07 1 ® Vigdergauz-type
06 | O bicontinuous
Utilizing the optimized structures obtained above, we Ahs 05 | o checkerboard
then directly computed, and A\ for the well-ordered case ‘
defined by Eq(14). These results are summarized in Fig. 10. 04 1
Not surprisingly, the Vigdergauz-type structures of Fig. 7 03|
(in which only one phase is connecjeachieve the upper 02}
and lower bounds. For well-ordered phases, the multifunc- 01 |
tional optimization problem reduces to a single property op- A
timization, i.e., optimal structures correspond to the HS 0 010203040506070809 1
bounds. It is reasonable to conjecture that the three- c/c,

dimensional Vlgdergauz-t_ype Strucwres exaCtly realize th?:IG. 10. Cross-property bounds and simulation data for the effective elec-
HS bounds for the electrical conductivity and thermal con-ical ¢, and thermal\, conductivities for well-ordered phases(/c,

ductivity for well-ordered phases. For the case specified by1 andx,/\,<1) as specified by Eq14).
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