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In their seminal paper on scattering by an inhomogeneous solid, Debye and coworkers proposed a simple
exponentially decaying function for the two-point correlation function of an idealized class of two-phase random
media. Such Debye random media, which have been shown to be realizable, are singularly distinct from all other
models of two-phase media in that they are entirely defined by their one- and two-point correlation functions.
To our knowledge, there has been no determination of other microstructural descriptors of Debye random
media. In this paper, we generate Debye random media in two dimensions using an accelerated Yeong-Torquato
construction algorithm. We then ascertain microstructural descriptors of the constructed media, including their
surface correlation functions, pore-size distributions, lineal-path function, and chord-length probability density
function. Accurate semianalytic and empirical formulas for these descriptors are devised. We compare our results
for Debye random media to those of other popular models (overlapping disks and equilibrium hard disks) and
find that the former model possesses a wider spectrum of hole sizes, including a substantial fraction of large
holes. Our algorithm can be applied to generate other models defined by their two-point correlation functions,
and their other microstructural descriptors can be determined and analyzed by the procedures laid out here.
DOI: 10.1103/PhysRevE.102.043310

I. INTRODUCTION

Disordered two-phase heterogeneous media are ubiquitous; examples include composites, porous media, colloids,
polymer blends, and biological media [1–7]. The microstructure of a two-phase medium can be completely statistically
characterized by an infinite set of n-point correlation functions
(defined in Sec. II) [1]. Interestingly, there exist unique models
of two-phase media for which one can explicitly represent and
compute, in principal, any n-point correlation function [1,8,9].
What has come to be known as Debye random media [10]
are singularly distinct from all other two-phase models in that
they are entirely defined by their one- and two-point correlation functions (see Sec. III). Specifically, Debye et al. [11]
proposed an autocovariance function that is a simple exponentially decaying function [see Eq. (21)] to model media with
phases of “fully random shape, size, and distribution.” Importantly, such autocovariance functions approximate well those
for realistic two-phase media [11], including Fontainebleau
sandstones [12].
To our knowledge, there has been no determination of
other microstructural descriptors of Debye random media.
In this paper, we ascertain other descriptors of a certain
class of Debye random media, including their surface correlation functions, pore-size distributions, lineal-path function,
and chord-length probability density function. We accomplish
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this program by generating Debye random media in two
dimensions at five different volume fractions using the YeongTorquato construction procedure [10] and then sampling for
the aforementioned microstructural descriptors. We also compare these different descriptors for Debye random media to
corresponding quantities for other models of two-phase media
that have been commonly studied, including dispersions of
overlapping particles and equilibrium hard particles.
In Sec. II, we provide definitions of all of the microstructural descriptors considered in this paper. In Sec. III, we define
and discuss Debye random media. In Sec. IV, we provide
details of the accelerated Yeong-Torquato construction algorithm used to construct Debye random media. In Sec. V,
we present results of the microstructural descriptors computed from our constructions. In Sec. VI, we compare these
microstructural descriptors with those of popular models of
particle dispersions. In Sec. VII, we make concluding remarks
and discuss possible future research directions.

II. DEFINITIONS OF MICROSTRUCTURAL
DESCRIPTORS
A. n-point correlation function

Here we define several microstructural descriptors that are
widely used to characterize random media. In general, a twophase random medium is a domain of space V ⊆ Rd that is
partitioned into two disjoint regions that make up V: a phase 1
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region V1 of volume fraction φ1 and a phase 2 region V2 of
volume fraction φ2 [1].
The phase indicator function I (i) (x) for a given realization
is defined as

1, x ∈ Vi ,
(i)
(1)
I (x) =
0, x ∈
/ Vi .
Sn(i)

Most generally, the n-point correlation function
i [1] is defined as
 n


I (i) (xi ) .
Sn(i) (x1 , x2 , . . . , xn ) =

for phase

B. Surface correlation functions

Equally important but less well-known descriptors are the
two-point surface correlation functions, which arise in rigorous bounds on transport properties of porous media [1,15]. We
first define the interface indicator function [1]
M(x) = |∇I (1) (x)| = |∇I (2) (x)|.

(9)

The specific surface is the expected area of the interface per
unit volume and for homogeneous media is simply the ensemble average of the interface indicator function, i.e.,

(2)

s = M(x).

(10)

i=1

The function has a probabilistic interpretation: It gives the
probability of finding the ends of the vectors x1 , . . . , xn all
in phase i. In this formalism, the volume fraction φi for phase
i is the one-point correlation function
S1(i) (x1 )

= I (x),
(i)

(3)

The surface-void correlation function Fsv (r) measures the
correlation between one point on the interface and the other in
the void phase. For homogeneous media, it is defined as
Fsv (r) = M(x)I (void) (x + r).

(11)

(4)

Henceforth, we will denote phase 1 as the void phase while
phase 2 as the solid phase. Similarly to the two-point correlation function, Fsv (r) also has interesting small-r behavior.
Specifically, we previously showed that [16]

1
r
H̄ ,
(12)
+ 
Fsv (r) = s
2 2B d−1
, 21
2

For statistically homogeneous media, this quantity only
depends on the relative displacement vector r ≡ x2 − x1 .
The two-point correlation function simplifies as S2 (x1 , x2 ) =
S2 (r). If the system is also statistically isotropic, then S2 (r)
depends only on the radial distance r = |r|. The two-point
correlation function S2(i) (r) is related to the autocovariance
function χV (r) simply by subtracting its large-r value, i.e.,

where B( d−1
, 21 ) is the beta function and H̄ is the integrated
2
mean curvature H averaged on the interface. Specifically, this
implies that in two dimensions, the derivative of Fsv (r) is
related to the Euler characteristic χ by

dFsv (r) 
χ
= ,
(13)
dr r=0 V

χV (r) ≡ S2(1) (r) − φ12 = S2(2) (r) − φ22 .

where the right-hand side can be understood as an intensive
property or specific Euler characteristic. Apparently, as r →
∞, we have

which is equal to the phase volume fraction φi (a constant) for
statistically homogeneous media.
The commonly used two-point correlation function is written as
S2(i) (x1 , x2 ) = I (i) (x1 )I (i) (x2 ).

(5)

Specifically, we have
lim χV (r) = φ1 φ2 , lim χV (r) = 0,
r→∞

r→0

r→∞

the later holds when there is no long-range order. Note that
χV (r) is invariant to the choice of the phase. The Fourier
transform of the autocovariance function is called spectral
density χ̃V (k), which is another important quantity, and can
be obtained from scattering experiments [11,13].
An interesting property of the two-point correlation function shown by Debye and coworkers [11] is that its derivative
at the origin is proportional to the specific surface s for threedimensional isotropic media, which can be used to retrieve
such information from scattering experiments. This property
is further generalized to anisotropic media [14] as well as
media in d dimensions [1], which writes as

dS2(i) 
ωd−1
=−
s,
(7)

dr r=0
ωd d
where
ωd =

π d/2
(1 + d/2)

lim Fsv (r) = sφ1 ,

(6)

when there is no long-range order.
The surface-surface correlation function Fss (r) measures
the correlation between two points on the interface. For homogeneous media, it is defined as
Fss (r) = M(x)M(x + r).

(15)

It can be shown that at small r, Fss (r) diverges as (d −
1)ωd−1 s/dωd r [16]. While as r → ∞, we have
lim Fss (r) = s2 ,

r→∞

(16)

when there is no long-range order.
C. Pore-size functions

One important way to characterize the pore (void) space is
by the pore-size probability density function P(δ), which is
defined by [1]

(8)

is the d-dimensional volume of a sphere of unit radius. In
two and three dimensions, the derivative in Eq. (7) are simply
−s/π and −s/4, which we will apply in the following section.

(14)

P(δ) = −∂F (δ)/∂δ,

(17)

where F (δ) is the complementary cumulative distribution
function that measures the probability that a randomly placed
sphere of radius δ centered in the pore space V1 lies entirely in
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V1 . Clearly, F (0) = 1 and F (∞) = 0. Consequently, we have
P(0) = s/φ1 and P(∞) = 0. The nth moment of the pore-size
probability density is defined by [1]

media that is entirely defined by its radial two-point correlation function or, equivalently, its autocovariance function
[10,11]:

∞

δ n  ≡

χV (r) = φ1 φ2 e−r/a ,

δ n P(δ)dδ

0
∞

=n

δ n−1 F (δ)dδ.

(18)

0

The moments of the pore-size probability density provide a
measure of the characteristic length scale of the pore space,
which has been shown to be useful in predicting transport
properties of random media [17,18]. In this paper, we are
particularly interested in the first moment, i.e., the mean pore
size δ, which we compute in Sec. V.
D. Lineal-path function

Another interesting statistical descriptor that we consider
in this paper is the lineal-path function L (i) (z) [19]. The linealpath function L (i) (z) is the probability that a line segment
of length z is entirely in phase i. This function provides
degenerate connectedness information along a lineal path in
phase i. Clearly, it is a monotonically decreasing function
with L (i) (0) = φi and L (i) (∞) = 0. In Sec. V, we calculate
L(z) ≡ L (1) (z) to characterize the pore space of Debye random
media.
E. Chord-length probability density function

The chord-length probability density function p(i) (z) is
another descriptor that is closely related to the lineal-path
function L (i) (z) [20,21]. Here chords refer to all of the line segments between intersections of an infinitely long line with the
two-phase interface. For statistically isotropic media, p(i) (z)dz
is the probability of finding a chord of length between z and
z + dz in phase i. The chord-length density function is of
importance in the study of a variety of transport properties
of porous media [22–24].
Interestingly, it has been shown that p(i) (z) is directly related to the second derivative of the lineal-path function L (i) (z)
[21], specifically,
p(i) (z) =

(i)
C

d 2 L (i) (z)
,
φi
dz2

(19)

where C(i) is the mean chord length for phase i, i.e., C(i) =
∞
(i)
0 zp (z)dz. For statistically isotropic systems, the mean
chord length is related to the slope of the two-point correlation
function at the origin via the expression
(i)
C

=

φi

dS (i) 
− dr2 r=0

=

ωd φi d 1
.
ωd−1 s

(20)

In two and three dimensions, C(i) is simply given by π φi /s and
4φi /s, respectively [25]. In Sec. V, we calculate p(z) ≡ p(1) (z)
to characterize the pore space of Debye random media.
III. DEBYE RANDOM MEDIA

Debye random media in d-dimensional space Rd are a
class of statistically homogeneous and isotropic two-phase

(21)

where a is a positive constant that represents a characteristic
length scale. Using relation (7) and Eq. (21), we see the
corresponding specific surface s is given by
s=

ωd dφ1 φ2
,
ωd−1 a

(22)

which is simply π φ1 φ2 /a in two dimensions. Note that
Debye random media possess phase-inversion symmetry at
the two-point level [1], i.e., S2(1) (r; φ1 , φ2 ) = S2(2) (r; φ2 , φ1 ).
Importantly, we know that there is a high degeneracy of twophase media with the same one- and two-point statistics but
different higher-order correlation functions [1,26,27]. Thus,
a model is not uniquely defined only by its two-point correlation function. Debye et al. [11] guessed that the structures
corresponding Eq. (21) are those in which one phase consists
of “random shapes and sizes.” Two-phase media that realize
Eq. (21) for the special case φ1 = φ2 = 1/2 were presented
in Ref. [10]. It is also known that certain types of space
tessellations in two dimensions have autocovariance functions
given by Eq. (21) [9]. Theoretical analyses indicate that such
media are realizable in three and higher dimensions [27].
In Fig. 1, we show select large realizations of Debye random media with phase 2 volume fractions of φ2 = 0.1, 0.2,
0.3, 0.4, and 0.5 that we generated using a fast implementation
of the Yeong-Torquato construction algorithm (see Sec. IV
for details). One can view this algorithm as producing the
“most probable” realizations with an autocovariance function
given by Eq. (21). Observe that at small volume fractions,
the size of yellow “islands” varies greatly. As the volume
fraction increases, the yellow domains start to connect with
each other and percolate at φ2 = 0.5. Note that at φ2 = 0.5
two phases are not statistically distinguishable, which is in
contrast to models of particle dispersions whose phase topologies are distinctly different from one another (i.e., do not
possess phase-inversion symmetry), as we show in Sec. VI. In
light of phase-inversion symmetry of Debye random media,
realizations for φ2 = 0.6, 0.7, 0.8, 0.9 are identical to those
with φ2 = 0.4, 0.3, 0.2, 0.1.
Phase-inversion symmetry implies that the percolation
threshold φ2c for Debye random media in d = 2 is 0.5. To
understand this property, we observe that the void phase percolates when φ2 < 1 − φ2c . Thus, both phases percolate when
φ2 lies in the interval (φ2c , 1 − φ2c ). However, in two dimensions, two phases cannot percolate in perpendicular directions
simultaneously for a finite range of volume fractions. Thus, it
is reasonable to argue that the interval will shrink to a single
point, i.e., φ2c = 0.5. A systematic study of the percolation
behavior of Debye random media requires not only the ability
to generate large samples but also a large number of them.
Although we solve the former problem in the next section,
generating a large number of realizations is still computationally challenging and so the percolation properties will not
be studied in this paper. However, visual inspection of the
realizations shown in Fig. 1 are consistent with the percolation
threshold occurring at φ2 = 0.5.
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FIG. 1. Representative digitized images of Debye random media obtained from the construction algorithm at different volume fractions.
Each sample consists of N 2 = 5012 pixels and the length scale a = 5 pixels. The volume fractions of the solid (yellow) phase are (a) φ2 = 0.1.
(b) φ2 = 0.2. (c) φ2 = 0.3. (d) φ2 = 0.4. (e) φ2 = 0.5.

IV. ACCELERATED YEONG-TORQUATO
CONSTRUCTION ALGORITHM

To construct realizations of Debye random media, we apply a variation of the (re)construction algorithm formulated by
Yeong and Torquato [10], which has been applied by a variety
of different investigators [27–34]. The procedure treats the
(re)construction problem as an energy-minimization problem
and solves it by simulated annealing. Consider constructing a
digitized two-phase system contained within a hypercube in d
dimensions of side length L and N d pixels (voxels), which is
subjected to periodic boundary conditions. A fictitious energy
E is defined as the squared differences between the target
and simulated correlation functions. Then pairs of pixels from
different phases are swapped according to the Metropolis rule.
In this paper, our target is the two-point correlation function
S2 given in Eq. (21), the energy is given by
E=

[χV (ri ) − χ̂V (ri )]2 ,

(23)

i

where χV (ri ) and χ̂V (ri ) are simulated and target autocovariance functions (note that this method was designed to target
multiple statistical descriptors [10]). Here ri runs over all the
distances formed by pairs of pixels of the target phase. In

contrast to the orthogonal sampling method used by Yeong
and Torquato [10], we sample two-point statistics in all directions, as described in Ref. [27]. Note that by using simulated
annealing we are effectively sampling “entropically favored”
or equilibrium realizations subject to the energy form given in
Eq. (23). Since only the volume fraction and two-point correlation function are constrained, this procedure implements the
maximal entropy principle. Thus, we argue that our procedure
produces “most probable” realizations.
It has been suggested that Debye random media are expected to have relatively large “holes” compared to other
systems, such as overlapping spheres, due to the fact that the
autocovariance function of Debye random media has infinite
support, whereas the one for overlapping spheres has finite
support [35]. This conjectured large-hole property of Debye
random media implies that an accurate characterization of
their microstructures demands an ability to systematically
construct sufficiently large samples (e.g., digitized systems
consisting 500d voxels or larger in d dimensions) in order
to start to observe holes of large size. However, applying
the general Yeong-Torquato technique can be challenging for
such tasks. It is expected that the number of Monte Carlo steps
required grows at least as fast as O(N d ), since one wants to
ensure that on average each pixel (voxel) will be swapped for
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0.5

φ2=0.1
φ2=0.2
φ2=0.3
φ2=0.4
φ2=0.5

0.4
(2)

S2 (r)

a sufficient number of times. For each swap, when updating
S2 (r), we need to consider every pair of pixels (voxels) formed
by the chosen pixels (voxels) and the rest of them. This again
leads to O(N d ) operations. Thus the complexity of the entire
algorithm scales as O(N 2d ). This scaling behavior is clearly
too demanding even for two dimensions and almost impractical for three dimensions.
To tackle this challenge, we tailor the Yeong-Torquato
construction procedure to appreciably speed up sampling the
autocovariance function for Debye random media and related
ones. Specifically, we apply a cutoff of the two-point correlation function at a length scale lc that is much larger than the
characteristic length scale a but smaller than the system size.
For the large samples we are interested here, the system size L
is much greater than the characteristic length a. As a result, the
autocovariance function given in Eq. (21) is essentially zero
for distance r much larger than a. If the long-range behavior
(r  lc ) of the system is not relevant, then updating S2 (r) for
those pixel (voxel) pairs can be very inefficient. By choosing
a cutoff lc that is still much larger than a but smaller than the
system size L, we can reduce the complexity of updating S2 (r)
to O(lcd ) without sacrificing the accuracy of the construction.
This trick brings the complexity of the entire algorithm down
to O(N d ) and greatly reduces the computing time. Note that
this efficient method can also be applied to model other disordered structures whose autocovariance function decays fast
enough so that it is essentially zero beyond this correlation
length.
We also apply a final refining process after a fraction of the
total Monte Carlo steps to eliminate small isolated “islands”
(pixels or voxels) of one phase in a “sea” of the other phase
that should be present. To do so, we keep track of the list of
pixels (voxels) that are on the interfaces between two phases
and only select from this group. Each update will only change
the list locally, so the extra computing time compared to
a standard Monte Carlo step is very minor if implemented
accordingly.
To systematically construct Debye random media, we also
purposely tune parameters such that they change with volume
fractions or sizes automatically. Specifically, we choose the
initial temperature ∼φ1 φ2 /N d and the number of Monte Carlo
steps ∼φ1 φ2 N d . Note that these choices also explicitly make
our constructions phase-inversion symmetric, since the code
for constructing a sample with volume fraction φ2 = φ is
exactly the same as the one for constructing a sample with
φ2 = 1 − φ.
Since it is still a considerably challenging computational
task to construct large Debye random media in three dimensions, we focus here on generating such media in two
dimensions. Nonetheless, our two-dimensional (2D) results
have interesting implications in higher dimensions, as we will
discuss in Sec. VII. In simulations, we choose a = 5 and lc =
10a and construct samples with size L = 501 at volume fractions φ2 = 0.1, 0.2, 0.3, 0.4, 0.5. The simulated S2 (r) (shown
in dashed lines) for each volume fractions compared with
their targets (shown in solid black lines) are plotted in Fig. 2,
one can see that they match extremely well. Specifically, we
measure how well the construction is by the average of the
absolute values of discrepancies of the two-point correlation
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FIG. 2. Comparison between the simulated S2 (r)’s of the constructed Debye random media (shown as dashed curves) and the
targeted ones (shown as solid black curves) for different volume
fractions of phase 2: Curves from top to bottom span from φ2 = 0.5
to φ2 = 0.1 in increments of 0.1. The simulated two-point functions
are in excellent agreement with the corresponding target functions.


function [36], defined as S2 = 1/NL r |δS2 (r)|, where NL
is the number of bins. We find the average discrepancies S2
for constructed samples are quite small as 0.6 ∼ 2 × 10−4 ,
which are even smaller than those reported in Ref. [36].
Representative digitized images of 2D Debye random media
obtained from the construction algorithm at different volume
fractions are shown in Fig. 1.

V. RESULTS FOR OTHER STATISTICAL DESCRIPTORS

In this section, we compute the other aforementioned statistical descriptors for our constructed Debye random media.
Specifically, we compute the two-point surface correlation
functions Fss (r) and Fsv (r), pore-size probability density function P(δ), lineal-path function L(z) for the matrix phase, and
matrix chord-length probability density function p(z).
For models of two-phase media consisting of spheres in a
matrix, the determination of such microstructural descriptors
can be explicitly represented as an infinite series that generally
requires an infinite amount of information via the n-particle
correlation functions g1 , g2 , g3 , . . . [8]. Since the gn are only
known exactly for uncorrelated spheres (overlapping spheres),
one must generally devise approximation formulas for the
descriptors. In the case of Debye random media, such explicit
representations are not known and so it is desirable to obtain
semianalytical or empirical formulas for the relevant descriptors. Importantly, we find simple and accurate semianalytical
expressions for Fss (r) and Fsv (r). We also present an empirical
fitting function for the pore-size probability density function
P(δ). We find that in the case of the lineal-path function and
chord-length density function are well approximated by the
corresponding functional forms for a system of overlapping
disks of radius nearly equal to the characteristic length scale
a [cf. Eq. (21)]. All results are averaged over 10 different
constructions.
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FIG. 3. Surface-void correlation function Fsv (r) for Debye random media at different volume fractions. (a) φ2 = 0.1. (b) φ2 = 0.2. (c) φ2 =
0.3. (d) φ2 = 0.4. (e) φ2 = 0.5.

as:

A. Surface correlation functions

The two-point correlation function S2 (r) for Debye random media is already known by definition. Thus, here
we study other two-point correlation functions, namely the
surface-surface correlation function Fss (r) and surface-void
correlation function Fsv (r). The efficient calculation of these
correlation functions for general two-phase systems has been
made possible recently due to algorithms developed by Ma
and Torquato [16]. We apply such algorithms to the constructed samples and average the results for 10 realizations
at each volume fraction. Specifically, in the step of converting
the two-phase media into scalar fields, we choose thresholds
such that the volume fraction is kept the same. We also tune
the Gaussian filters such that the specific surface s is consistent with the theoretical value. The results for Fsv (r) and Fss (r)
are shown in Figs. 3 and 4, respectively.
The behavior of Fss (r) is dominated by the divergent behavior at small r, so we focus on Fsv (r) first. Clearly, the curves in
Fig. 3 are sigmoidlike. This motivates us to fit the computed
Fsv (r) by logistic functions. Interestingly, the results strongly
suggest that Fsv (r) can be described by a simple analytical
form:
2[Fsv (r = ∞) − Fsv (0)]
+ Fsv (r = ∞)
Fsv (r) = −
exp(r/a) + 1
1 − φ2 + φ2 exp(−r/a)
s,
=
1 + exp(−r/a)

Fsv (r) =

(25)

This functional form is reminiscent of that of the surface-void
correlation function for overlapping spheres, the expression
in two dimensions is derived and shown in Sec. VI. A, see
Eq. (35). Compare the expressions we immediately see that
the sharp transition at r = 2R for overlapping disks is replaced
by a smooth decaying function in the case of Debye random
media. This observation is consistent with the argument that
Debye random media consist of domains of “random shape
and size.” Moreover, using the relation in Eq. (13), we find
the specific Euler characteristic is π (φ1 − φ2 )φ1 φ2 /4a2 . It is
clear that it vanishes as φ2 → 0.5, as percolation happens.
One may be tempted to arrive at the effective form of
Fss (r) using the same reasoning, but this is not tenable. We
know that for Debye random media Fss (r) must be invariant
under the transform φ2 → (1 − φ2 ). However, the functional
form of Fss (r) for overlapping disks [see Eq. (36)] does not
have the property since S2 (r) is clearly not invariant under the
transform. Instead, after many tries, we find that the following
form fits our data excellently for all volume fractions:
Fss (r) =

(24)

where s is given by Eq. (22). This function fully recovers
the exact results at r = 0 and r = ∞. Note that the origin is
exactly at the midpoint of the logistic function.
Notice that the two-point correlation function for the void
phase is S2(1) = φ1 φ2 exp(−r/a) + φ12 . We can rewrite Eq. (24)

1
π φ2
S (1) (r).
a 1 + exp(−r/a) 2

π2 2 2
1
φ1 φ2 + φ1 φ2 exp(−r/a)
2
a
ar
exp(−r/a)
1
+ 2
|φ2 − φ1 |.
2a 1 + exp(−r/a)

(26)

This function also fully recovers the exact results at small and
large r limits and satisfies the phase-interchange invariance.
B. Pore-size functions

In Fig. 5 we show the computed pore-size probability
density function P(δ) and the associate mean pore size δ
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FIG. 4. Surface-surface correlation function Fss (r) for Debye random media at different volume fractions. (a) φ2 = 0.1. (b) φ2 = 0.2.
(c) φ2 = 0.3. (d) φ2 = 0.4. (e) φ2 = 0.5.

for different volume fractions. Here P(δ) is scaled by φ1 /s
to bring its value at the origin to unity. Interestingly, these
results indeed imply that Debye random media possess large
“holes,” as shown in the next section by comparing the results
to those of other models. Guided by the scaled-particle theory [1,40] used to derive P(δ) for equilibrium hard spheres

P(δ)a/(πφ2)

1

φ2=0.1
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0
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4
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(a)

2
1.8
1.6
1.4
1.2
1
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0.6

[see Eq. (41)], we propose the following pore-size probability
density function:
P(δ) = (p0 + 2p1 δ) exp(−p1 δ 2 − p2 δ),

(27)

where p0 , p1 , and p2 are coefficients. First, note that P(δ =
0) = s/φ1 enables us to determine p0 = π φ2 /a. Interestingly,
we find that by setting p2 = π φ2 /a (this is also consistent with
what we obtain if p2 is fitted as a free parameter), the normal∞
ization condition 0 P(δ)dδ = 1 is always satisfied. Fitting
this functional form (27) for P(δ) (with p1 as the only free
parameter) to the data, we find the following approximation
p1 = (1.05φ2 − 2.41φ22 + 4.16φ23 )/a2 . Using this empirical
equation, we can analytically compute the mean pore size δ,
which is given by
√ π 2 φ 2 /4(1.05φ2 −2.41φ 2 +4.16φ 3 )
2
2
δ
πe 2
= 
a
2 1.05φ2 − 2.41φ22 + 4.16φ23
⎡
⎛
⎞⎤
π
φ
2
⎠⎦,
× ⎣1 − erf ⎝ 
2 1.05φ2 − 2.41φ22 + 4.16φ23

<δ>/a

(28)

0.1

0.2

0.3
φ2

0.4

0.5

(b)
FIG. 5. (a) The pore-size probability density function P(δ)
for Debye random media for selected volume fractions φ2 =
0.1, 0.2, 0.3, 0.4, and 0.5. (b) The mean pore size δ as a function
of volume fraction.

where erf (x) is the error function. The relative error of the
mean pore size computed from this expression compared to
the simulated values varies from 4% to 7% for the considered
volume fractions.
The empirical formula (28) for the mean pore size appears
to qualitatively capture the appropriate asymptotic behavior
in the limits φ2 → 0 and φ2 → 1, even though it was not
obtained using information at these extreme limits. When
φ2 → 0, formula (28) yields δ/a ∼ φ2−1/2 . This scaling can
be physically explained by the fact that the solid phase, in this
dilute limit, can be regarded to consist of “islands” of effective
size ∼a. Moreover, the average “density” of these islands
would be approximately φ2 /a2 . Thus, the typical distance
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FIG. 7. The matrix chord-length probability density function
p(z) for Debye random media.
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10
(reduces to R for monodisperse systems) comparable to the
characteristic length scale.
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D. Chord-length probability density function
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FIG. 6. (a) The lineal-path function L(z) for Debye random media for different volume fractions of phase 2, φ2 . (b) The fitted Lw as
a function of φ2 .

between two islands is given by aφ2−1/2 , which is proportional
to the mean pore size. On the other hand, as φ2 → 1, the pore
space will consist of islands of size ∼a, which is consistent
with the prediction of (28) that δ ∼ a.

Using relations (19) and (20), we can easily obtain the
matrix chord-length probability density function p(z) from the
second derivative of the lineal-path function L(z) or by direct
sampling of the realizations. The simulated results for p(z)
for different volume fractions are shown in Fig. 7. Clearly, the
second derivative of an exponential function is still an exponential function with the same slope on a semilogarithm plot.
Specifically, using Eq. (29) we can write the p(z) explicitly:
a
exp(−z/Lw ).
(31)
p(z) =
φ2 Lw2
Indeed, we can observe the similarities between Fig. 6(a) and
Fig. 7.

C. Lineal-path function

In Fig. 6(a) we show the lineal-path function for different
volume fractions. It is obvious that in all cases the lineal-path
function exhibits an exponential decay behavior, whereas the
volume fraction of the pore space shrinks it decays more
rapidly. We can write L(z) as
L(z) = φ1 exp(−z/Lw ),

(29)

where Lw can be understood as an average lineal size of the
pore domain. We plot the fitted results in Fig. 6(b), we can see
that it bears similarities as the mean pore size.
Moreover, if we interpret Debye random media as overlapping particles of “random shape and size,” then we may
heuristically relate our results to the one for overlapping polydisperse disks [37]:
L(z) = φ11+2Rz/(πR ) ,
2

VI. COMPARISON TO MODELS OF PARTICLE
DISPERSIONS

It is instructive to compare all of the statistical descriptors
considered here for Debye random media to corresponding
results for models of particle dispersions. Specifically, we
consider overlapping disks as well as equilibrium hard disks.
Neither of these models have phase-inversion symmetry. Representative images of both systems are shown in Fig. 8.

(30)

where R and R  are the first and second moments of the
particle size distribution function. The ratio R2 /R is simply related to Lw by the relation Lw = −π /(2 ln φ1 )R2 /R.
Surprisingly, we find that R2 /R is rather insensitive to the
change of volume fractions. Specifically, we find its value is
approximately (0.94 ± 0.04)a, which shows that the linealpath function of Debye random media is actually quite similar
to that of overlapping disk systems with the ratio R2 /R
2

(a)

(b)

FIG. 8. Representative images of the two models of particle dispersions (each with φ2 = 0.3) discussed in Sec. VI. (a) Overlapping
disks. (b) Equilibrium hard disks.
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The matrix chord-length density function p(z) is given by

A. Overlapping disks

Overlapping spheres (also called fully penetrable sphere
model) refer to an uncorrelated (Poisson) distribution of
spheres of radius R throughout a matrix [1,8]. It is also a
special case of the “Boolean model” known in stochastic
geometry [9]. In principle, the n-point correlation function for
this model can be determined exactly [1]. In d-dimensional
Euclidean space Rd , the volume fraction of the void phase φ1
is given by exp(−ρv1 (R)), where ρ is the number density and
v1 (R) is the volume of a sphere of radius R. The two-point
correlation function S2(1) (r) is given by
S2(1) (r) = exp(−ρv2 (r; R)),

(32)

where v2 (r; R) represents the union volume of two spheres
whose centers are separated by a distance r. In this paper we
are particularly interested in d = 2, in which case v2 (r; R) can
be explicitly written as



v2 (r; R)
r 2 1/2
2
r
1− 2
= 2 (r − 2R) +
π+
v1 (R)
π
2R
4R
 
r
− cos−1
(2R − r),
(33)
2R
where (x) is the Heaviside step function and v1 (R) = π R .
The specific surface s for overlapping disks is simply given
by
2

2ηφ1
,
(34)
R
where η = ρv1 (R) = − ln(φ1 ). We also derive explicit expressions for two-point surface correlation functions for overlapping disks following the procedures detailed in Ref. [1],
which to our knowledge have not been reported elsewhere.
Specifically, the surface-void correlation function is given by

 
r
2η
1
(2R − r) S2(1) (r), (35)
Fsv (r) =
1 − cos−1
R
π
2R
s=

where S2(1) (r) is already given in Eq. (32). The surface-surface
correlation function is given by


 
2
4η2
1
r
(1)
−1
1
−
cos
(2R
−
r)
Fss (r) = S2 (r)
R2
π
2R

1
2η
+
(2R − r) ,
(36)



π R r 1 − r 2 1/2
2R

note that Fss (r) diverges at r = 2R.
Other microstructural descriptors mentioned in Sec. II can
also be obtained analytically for overlapping disks [1]. The
pore-size probability density function P(δ) is given by


2
2
2η
δ
P(δ) =
(37)
1+
φ1δ /R +2δ/R .
R
R
The lineal-path function L(z) for the matrix phase is simply
given by
1+
L(z) = φ1

2z
πR

.
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(38)

p(z) =

2z
2η πR
φ1 .
πR

(39)

B. Equilibrium hard disks

We also consider distributions of identical hard disks of
radius R in equilibrium (Gibbs ensemble) along the stable
fluid branch [1,38]. The correlation functions of this model
are directly related to integrals over their pair correlation functions [8,39], which can be estimated via the Percus-Yevick
approximation [1], which is, however, only analytically solvable for odd dimensions. The specific surface is simply given
by
2φ2
.
(40)
R
Here we obtain its two-point correlation functions [χV (r),
Fsv (r), and Fss (r)] from Monte Carlo simulations. For the
pore-size function, lineal-path function, and the chord-length
density function for equilibrium hard disks, we use the excellent analytical approximations [1,19,40]. The expression for
P(δ) is given by
s=

4φ2
(a0 x + a1 ) exp[−φ2 (4a0 x 2 + 8a1 x + a2 )], (41)
R
where x = δ/(2R) + 1/2 and a0 , a1 , a2 are volume-fraction
dependent coefficients given in Ref. [1]. The lineal-path function L(z) for the matrix phase is given by [19]


2φ2 z
.
(42)
L(z) = φ1 exp −
π φ1 R
P(δ) =

The matrix chord-length density function p(z) is then given
by


2φ2
2φ2 z
p(z) =
exp −
.
(43)
π φ1 R
π φ1 R
C. Results

We evaluate and compare the aforementioned statistical
descriptors for Debye random media, overlapping disks, and
equilibrium hard disks at a fixed volume fraction (here we
use φ2 = 0.3 as it lies in the middle of the volume fractions
we target for constructions). Analytical expressions are used
whenever they are available.
In Fig. 9 we compare the autocovariance function χV (r),
surface-void correlation function Fsv (r) and surface-surface
correlation function Fss (r) for three models. The surface correlation functions are scaled by their large-r values for the
convenience of comparison. As the characteristic length scale
a and particle radius R are only defined for their corresponding
models, we use the specific surface s to scale the distance
r. The scaled distance can be related back to a and R via
Eqs. (22), (34), and (40) for Debye random media, overlapping disks, and equilibrium hard disks, respectively. It can be
seen that overlapping disks are uncorrelated when r  2R. By
contrast, equilibrium hard disks exhibit positive and negative
correlations and remain correlated beyond 2R. Debye random
media turns to have the most persistent correlations within
the length scale shown in Fig. 9. Interestingly, Debye random
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FIG. 10. The pore-size probability density function P(δ) for
three different systems, Debye random media, overlapping disks, and
equilibrium hard disks at φ2 = 0.3. The pore-size distance δ is scaled
by the specific surface s.
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3
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(c)
FIG. 9. Comparison of (a) autocovariance function χV (r),
(b) surface-void correlation function Fsv (r), and (c) surface-surface
correlation function Fss (r) for Debye random media, overlapping
disks, and equilibrium hard disks at φ2 = 0.3. The radial distance
r is scaled by the specific surface s.

media exhibit monotonic behaviors for all three correlation
functions. In the case of autocovariance function, this means
only positive correlations. Most importantly, the correlation
functions of Debye random media are all smooth and free
from nondifferentiable kinks. The absence of these discontinuities, which are marked by the particle diameter as in the
cases of the other two disk systems, implies an absence of
regular domains in Debye random media.
In Fig. 10, we compare the pore-size probability density
function P(δ) for three different systems, Debye random media, overlapping disks, and equilibrium hard disks at volume
fraction φ2 = 0.3. The tail of P(δ) is a measure of how likely
it is to find a large hole. We find that P(δ) of the overlapping disks is larger than that of equilibrium hard disks. This
can be understood by noting the fact that particles are more
likely to cluster in overlapping disks, which leads to larger
void domains. Interestingly, we observe that P(δ) of Debye
random media is much larger than both disk models for large

δ. This indeed confirms that Debye random media possesses
a significant fraction of large holes, as suggested in Ref. [35].
This is because the autocovariance function of Debye random
media has infinite support, whereas the one for overlapping
spheres has finite support; see Ref. [35].
We also compare the lineal-path function L(z) for these
three systems, as shown in Fig. 11. We again find that the
lineal-path function of Debye random media decays slower
than those of the other two. This is consistent with “largehole” property obtained from pore-size probability density
function P(δ), since L(z) measures the probability of an entire
line of length z lying in the pore phase. However, we notice
that the difference between the lineal-path functions is much
less prominent than that of pore-size probability density function. Interestingly, the lineal-path functions for overlapping
disks [see Eq. (38)] and equilibrium hard disks [19] [see
Eq. (42)] are the same after we scale z by the specific surface
s. This suggests that the pore-size probability density function
is a more sensitive measure of the pore space compared to the
lineal-path function.
Finally, we compare the matrix chord-length density function p(z) for three systems, as shown in Fig. 12. The results
for overlapping disks and equilibrium hard disks are obtained
via Eqs. (39) and (43). We see that p(z) for Debye random
media decays slower, implying that larger chords have larger
weights than those for the other models, which is consistent

1

Debye
Overlapping disks
Equilibrium hard disks

0.1
L(z)

1

(a)

0
0

0.1

0.001

0
0

0.7
0

Debye
Overlapping disks
Equilibrium hard disks

0.01
0.001
0

10

zs

20

FIG. 11. The lineal-path function L(z) for three different systems, Debye random media, overlapping disks, and equilibrium hard
disks at φ2 = 0.3. Note that curves for L(z) for overlapping disks and
equilibrium hard disks are the same after we scale z by s.
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FIG. 12. The matrix chord-length density function p(z) for three
different systems, Debye random media, overlapping disks and equilibrium hard disks at φ2 = 0.3. Note that by scaling z by s, the curves
for p(z) for overlapping disks and equilibrium hard disks are the
same.

with the argument concerning the existence of large “holes”
[35].
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3D random media. Indeed, a small sample of a 3D Debye
random media reported in Ref. [35] bears this out. However,
the construction of 3D Debye random media of large sizes
corresponding to the 2D one reported here (5003 voxels), even
with the fast algorithm presented here, is still a challenging
computational task (∼105 computing hours for an Intel Core
i5 processor). Thus, the development of efficient algorithms
for constructing 3D Debye random media is an outstanding
problem for future research. Specifically, we expect that our
proposed semianalytical expressions for surface correlation
functions will hold in higher dimensions, given their very
general forms.
In three dimensions, by replacing the specific surface with
the corresponding expression in Eqs. (24) and (26), we make
the following proposals for approximation formulas for the
surface correlation functions for 3D Debye random media:
Fsv (r) =

VII. CONCLUSIONS AND DISCUSSION
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(44)

and
Fss (r) =

In this work, we have constructed a class of 2D Debye
random media using an accelerated Yeong-Torquato construction algorithm and study its microstructural descriptors.
Specifically, we compute the two-point correlation functions,
pore-size functions, lineal-path function, and chord-length
probability density function. Importantly, we devised accurate
semianalytical and empirical formulas for these descriptors.
By comparing these results to those of overlapping disks and
equilibrium hard disks, we find that all three two-point correlation functions for Debye random media are monotonic with
the distance r and are more long-ranged than those of the particle dispersion models. The absence of discontinuities in the
two-point correlation functions means that there is no unique
domain size for Debye random media, which is consistent
with Debye’s intuition that these domains consist of “random
shapes and sizes.” On the other hand, results for the pore-size
functions, lineal-path function, and chord-length probability
density function show that Debye random media possess large
“holes” compared to overlapping disks and equilibrium hard
disks, as suggested in Ref. [35].
Our detailed structural characterization of Debye random
media for d = 2 has implications on its properties for d = 3.
Importantly, the demonstration that 2D Debye random media
tend to possess a wide spectrum of hole sizes, including a
substantial fraction of large holes is expected to be true for

1
4φ2
S (1) (r),
a 1 + exp(−r/a) 2

16 2 2
2
φ φ + φ1 φ2 exp(−r/a)
a2 1 2 ar
exp(−r/a)
1
|φ2 − φ1 |.
+ 2
2a 1 + exp(−r/a)

(45)

It is also reasonable to deduce that the lineal-path function and
chord-length probability density function for 3D Debye random media will have exponential forms that resemble those of
overlapping spheres.
Moreover, it would be of great interest to estimate the
degeneracy of Debye random media with the autocovariance
(21) using the techniques in Ref. [41]. Specifically, it would
be desirable to specifically generate Debye random media
that lie outside the “most probable” class studied here. This
could be done by biasing the construction algorithm to have an
energy that targets not only (21) but also other microstructural
descriptors, as was done in Ref. [10].
Finally, we note that our fast implementation of the YeongTorquato algorithm can be applied to study other disordered
microstructures whose autocovariance function decays sufficiently fast. In particular, it can be used to generate other
models defined by their two-point correlation functions [36]
and study other microstructural descriptors of such media.
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