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a b s t r a c t 

This paper is concerned with the estimation of the effective transport characteristics of fluid-saturated porous media via rigorous microstructure-property relations. 

We are particularly interested in predicting the formation factor  , mean survival time 𝜏, principal NMR (diffusion) relaxation time T 1 , principal viscous relaxation 

time Θ1 , and fluid permeability k . To do so, we employ rigorous methods to estimate the fluid permeability and these other transport properties of “hyperuniform ”

and nonhyperuniform models of porous media from microstructural information. Disordered hyperuniform materials are exotic amorphous states of matter that 

have attracted great attention in the physical, mathematical and biological science but little is known about their fluid transport characteristics. In carrying out this 

investigation, we not only draw from ideas and results of the emerging field of hyperuniformity, but from homogenization theory, statistical geometry, differential 

equations (spectrum of Laplace and Stokes operators), and the covering and quantizer problems of discrete geometry. Among other results, we derive a Fourier 

representation of a classic rigorous upper bound on the fluid permeability that depends on the spectral density to infer how the permeabilities of hyperuniform 

porous media perform relative to those of nonhyperuniform ones. We find that the velocity fields in nonhyperuniform porous media are generally much more 

localized over the pore space compared to those in their hyperuniform counterparts, which has implications for their permeabilities. Rigorous bounds on transport 

properties suggest a new approximate formula for the fluid permeability that provides reasonably accurate permeability predictions of a certain class of hyperuniform 

and nonhyperuniform porous media. These comparative studies shed new light on the microstructural characteristics that determine the transport properties of general 

porous media. Our findings also have implications for the design of porous materials with desirable transport properties. 
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. Introduction 

The physical properties of fluid-saturated porous media are funda-

entally controlled by the underlying complex microstructures of these

eterogeneous media across length scales. Knowledge of their transport

roperties is of central importance in hydrology, petroleum engineering

nd reservoir engineering ( Todd and Mays, 2004; Øren et al., 2002; Dan-

ekar, 2013 ). While these physical properties can be ascertained exper-

mentally by retrieving physical samples and testing them in the labora-

ory, such methods can be tedious and often do not yield insights about

he microstructures. This emphasizes the need for sophisticated mathe-

atical and computational tools that are capable of modeling the com-

lex microstructures and their physical properties. Such methods have

een developed over the last several decades. This includes homogeniza-

ion and averaging methods to estimate the effective transport proper-

ies ( Quintard and Whitaker, 1994a; 1994b; Milton, 2002; Torquato,

002b; Sahimi, 2003 ). Moreover, X-ray microtomographic techniques,

hich provide three-dimensional (3D) digitized images of porous media

t the pore scale in a nondestructive manner ( Kinney and Nichols, 1992;

oker et al., 1996; Blunt et al., 2013 ), have been combined with compu-

ational reconstruction techniques ( Yeong and Torquato, 1998a; 1998b;

iao et al., 2009; Tahmasebi and Sahimi, 2013; Tahmasebi, 2018 ) to
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roduce a wide class of realistic microstructures at will. Subsequently,

uch computer-generated microstructures can be structurally character-

zed and their physical properties can be estimated via computer simu-

ations ( Sahimi, 2003 ; Wood et al., ; Bijeljic and Blunt, 2006; Blunt et al.,

013; Vasseur and Wadsworth, 2017; Aramideh et al., 2018 ). 

The effective transport, electromagnetic and mechanical properties

f porous and other heterogeneous media generally require informa-

ion about an infinite set of correlation functions ( Brown, 1955; Be-

an, 1965; Milton, 1987; Sen and Torquato, 1989; Torquato, 1997; Mil-

on, 2002; Torquato, 2002a ). Since such complete information is almost

ever available in practice for general microstructures, theoretical esti-

ates of the effective properties are based either on approximate meth-

ds ( Scheidegger, 1974; Johnson et al., 1986; Thompson et al., 1987;

artys et al., 1994; Milton, 2002; Torquato, 2002a; Sahimi, 2003 ) or rig-

rous upper and lower bounds that account for a finite set of correlation

unctions ( Beran, 1965; Milton, 2002; Torquato, 2002a ). The bounds

ighten as progressively more microstructural information is properly

ncorporated. 

Our focus in this paper is the use of rigorous theoretical methods to

stimate the following effective transport properties of fluid-saturated

orous media in terms of various n -point correlation functions: 
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Fig. 1. Laminar flow through the void space of a two-dimensional hard-disk 

packing. The brightness of the color (gray value) indicates the magnitude of the 

flow velocity. The image is adapted from Ref. Torquato (2002a) . 
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1. Formation factor  ; 

2. Mean survival time 𝜏; 

3. Principal NMR (diffusion) relaxation time T 1 
4. Principal viscous relaxation time Θ1 

5. Fluid permeability k 

Among these physical properties (which are defined more precisely

n Section 3 ), the most challenging to predict for general microstructures

s the fluid permeability k , which is defined by Darcy’s law. The perme-

bility k has dimensions of the square of length and, roughly speaking,

ay be regarded as an effective pore channel area of the dynamically

onnected part of the pore space ( Torquato, 2002a ). By “dynamically ”

onnected, we mean the topologically connected portion of the pore

pace that carries the flow, which eliminates isolated pores and dead-

nds and connected regions with very little flow, for example. Fig. 1

ives visual sense of the dynamically connected pore space for two-

imensional Stokes flow through a bed of nonoverlapping disks. Re-

arkably, all of the other transport properties in the list above,  , 𝜏,
 1 and Θ1 , are intimately related to the fluid permeability k , as we will

iscuss and exploit subsequently. 

We are particularly interested in hyperuniform porous media. A hy-

eruniform state of matter is characterized by an anomalous suppression

f density or volume-fraction fluctuations at infinitely long wavelengths

elative to those in typical disordered systems, such as liquids and struc-

ural glasses ( Torquato and Stillinger, 2003; Zachary and Torquato,

009; Torquato, 2018a ). Hyperuniform states include all perfect crys-

als, many quasicrystals, as well as special disordered systems. Disor-

ered hyperuniform materials are exotic amorphous states of matter

hat are like crystals in the manner in which their large-scale density

uctuations are anomalously suppressed and yet behave like liquids or

lasses in that they are statistically isotropic without any Bragg peaks.

hey have been the subject of fundamental interest across a variety of

elds, including physical ( Torquato et al., 2008; Batten et al., 2008;

exner and Levine, 2015; Weijs et al., 2015; Thien et al., 2017; Chen

nd Torquato, 2018; Ding et al., 2018; Lomba et al., 2018 ), mathemati-

al ( Ghosh and Lebowitz, 2018; Brauchart et al., 2019; Torquato et al.,

019 ) and biological ( Jiao et al., 2014; Mayer et al., 2015 ) sciences. It
s being discovered that disordered hyperuniform materials can have re-

arkable physical properties, including cellular materials with complete

sotropic photonic band gaps ( Florescu et al., 2009; Man et al., 2013;

roufe-Pérez et al., 2017 ), optimal thermal, diffusive and elastic prop-

rties ( Zhou et al., 2016; Chen and Torquato, 2018; Kim and Torquato,

019b ), dense but transparent materials Leseur et al. (2016) , and de-

ices for enhanced directional light extraction ( Gorsky et al., 2019 ). 

Little is known about the fluid transport characteristics of disor-

ered hyperuniform porous media. One exception is a recent study that

emonstrated that electrical or fluid transport through disordered hy-

eruniform networks is optimized in the limit that the porosity tends

o zero ( Torquato and Chen, 2018 ). A major aim of this article is to use

igorous methods to shed light on the fluid permeability and other trans-

ort properties of models of disordered hyperuniform porous media and

o contrast their transport characteristics with those of nonhyperuniform

isordered models. In carrying out this investigation, we not only draw

rom the ideas and results of the emerging field of hyperuniformity, but

rom homogenization theory, statistical geometry, differential equations

spectrum of Laplace and Stokes operators), and the covering and quan-

izer problems of discrete geometry. 

In Section 2 , we define relevant microstructural descriptors and hy-

eruniformity, including how to measure hyperuniformity. In Section 3 ,

e briefly review the homogenized relations that determine all of the

ransport properties of interest to us in this work, i.e.,  , 𝜏, T 1 and Θ1 and

 , as well as rigorous cross-property relations linking k to the other trans-

ort properties. In Section 4 , we state the microstructure-dependent for-

ulas that we will employ to estimate the various effective properties.

n Section 5 , we describe hyperuniform and nonhyperuniform porous-

edia models that we examine and present their spectral densities and

ore-size probability functions. In Section 6 , we compute the effective

ransport properties of a variety of different hyperuniform and nonhype-

uniform models of porous media. We also derive a Fourier representa-

ion of the classic two-point void upper bound on the fluid permeability

hat depends on the spectral density. This new formula enables us to in-

er the salient microstructural features that determine the permeabilities

f hyperuniform and nonhyperuniform porous media. We use rigorous

ounds on individual effective properties as well as cross-property rela-

ions to suggest a new approximate formula for the fluid permeability

hat provides reasonably accurate permeability predictions of the class

f hyperuniform and nonhyperuniform porous media in which the pore

pace is well connected. In Section 7 , we make concluding remarks and

iscuss problems for future research. 

. Definitions of microstructural descriptors and hyperuniformity 

Two-phase heterogeneous media abound in Nature and synthetic sit-

ations. Examples of such materials include composites and porous me-

ia, biological media, foams, polymer blends, granular media, cellular

olids and colloids ( Torquato, 2002a; Sahimi, 2003 ). There is a panoply

f different statistical descriptors of the microstructure of two-phase me-

ia; see Ref. Torquato (2002a) and references therein. The most relevant

or the purposes of this paper are the n -point correlation functions and

ore-size distributions, defined briefly below. We also highlight the hy-

eruniformity concept that we will apply in subsequent sections. 

.1. n -Point Correlation functions 

A two-phase random medium is a domain of space  ⊆ ℝ 

𝑑 that is

artitioned into two disjoint regions that make up  : a phase 1 region

 1 of volume fraction 𝜙1 and a phase 2 region  2 of volume fraction

2 ( Torquato, 2002a ). The phase indicator function  ( 𝑖 ) ( 𝐱; 𝜔 ) for a given

ealization 𝜔 is defined as 

 

( 𝑖 ) ( 𝐱; 𝜔 ) = 

{ 

1 , 𝐱 ∈  𝑖 , 
0 , 𝐱 ∉  𝑖 . (1)

The statistical properties of each phase of the system are specified

y the countably infinite set of n -correlation functions 𝑆 ( 𝑖 ) , which are
𝑛 
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Fig. 2. A schematic indicating a circular observation window of radius R that is 

centered at position 𝐱 𝟎 in a disordered two-phase medium; one phase is depicted 

as a green region and the other phase as a white region. The phase volume 

fractions within the window will fluctuate as the window position x 0 is varied. 

(For interpretation of the references to colour in this figure legend, the reader 

is referred to the web version of this article.) 
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efined by Torquato and Stell (1982) , Stoyan et al. (1995) , and Torquato

2002a) : 

 

( 𝑖 ) 
𝑛 

(
𝐱 1 , … , 𝐱 𝑛 

)
= 

⟨ 𝑛 ∏
𝑗=1 

 ( 𝑖 ) (𝐱 𝑗 ; 𝜔 )⟩ , (2) 

here angular brackets denote an ensemble average over realizations.

he n -point correlation function 𝑆 ( 𝑖 ) 𝑛 ( 𝐱 1 , … , 𝐱 𝑛 ) has a probabilistic in-

erpretation: it gives the probability of finding the ends of the vectors

 1 , … , 𝐱 𝑛 all in phase i . For this reason, 𝑆 ( 𝑖 ) 𝑛 ( 𝐱 1 , … , 𝐱 𝑛 ) is sometimes re-

erred to as the n-point probability function . 

If the medium is statistically homogeneous, 𝑆 ( 𝑖 ) 𝑛 ( 𝐱 1 , … , 𝐱 𝑛 ) is transla-

ionally invariant and, in particular, the one-point correlation function

s independent of position and equal to the volume fraction of phase i : 

 

( 𝑖 ) 
1 ( 𝐱) = 𝜙𝑖 , (3) 

hile the two-point correlation function 𝑆 ( 𝑖 ) 2 ( 𝐫) depends on the displace-

ent vector 𝐫 ≡ 𝐱 2 − 𝐱 1 . 
For statistically homogeneous media, the two-point correlation func-

ion for phase 2 is simply related to that for phase 1 via the expres-

ion 𝑆 (2) 2 ( 𝐫) = 𝑆 
(1) 
2 ( 𝐫) − 2 𝜙1 + 1 , and hence the autocovariance function is

iven by 

𝑉 
( 𝐫) ≡ 𝑆 (1) 2 ( 𝐫) − 𝜙1 

2 = 𝑆 
(2) 
2 ( 𝐫) − 𝜙2 

2 , (4)

hich we see is the same for phase 1 and phase 2. At the extreme limits

f its argument, 𝜒
𝑉 

has the following asymptotic behavior 

𝑉 
( 𝐫 = 0) = 𝜙1 𝜙2 , lim |𝐫|→∞

𝜒
𝑉 
( 𝐫) = 0 , (5)

he latter limit applying when the medium possesses no long-range or-

er. If the medium is statistically homogeneous and isotropic, then the

utocovariance function 𝜒
𝑉 
( 𝐫) depends only on the magnitude of its ar-

ument 𝑟 = |𝐫|, and hence is a radial function. In such instances, its slope

t the origin is directly related to the specific surface s (interface area

er unit volume); specifically, we have in any space dimension d , the

symptotic form Torquato (2002a) , 

𝑉 
( 𝐫) = 𝜙1 𝜙2 − 𝛽( 𝑑) 𝑠 |𝐫| +  

(|𝐫|2 ), (6)

here 

( 𝑑 ) = 

Γ( 𝑑 ∕2) 
2 
√
𝜋Γ(( 𝑑 + 1)∕2) 

(7)

nd Γ( x ) is the gamma function. 

The nonnegative spectral density 𝜒
𝑉 
( 𝐤 ) , which can be obtained from

cattering experiments ( Debye and Bueche, 1949; Debye et al., 1957 ),

s the Fourier transform of 𝜒
𝑉 
( 𝐫) , i.e., 

̃
𝑉 
( 𝐤 ) = ∫ℝ 𝑑 𝜒𝑉 ( 𝐫) 𝑒 

− 𝑖 𝐤 ⋅𝐫 d 𝐫 ≥ 0 , for all 𝐤 . (8)

or a general statistically homogeneous two-phase medium, the spectral

ensity must obey the following sum rule 

1 
(2 𝜋) 𝑑 ∫ℝ 𝑑 𝜒𝑉 ( 𝐤 ) 𝑑𝐤 = 𝜒

𝑉 
( 𝐫 = 0) = 𝜙1 𝜙2 . (9)

his follows immediately from the Fourier representation of the auto-

ovariance function, i.e., 

𝑉 
( 𝐫) = 

1 
(2 𝜋) 𝑑 ∫ℝ 𝑑 𝜒𝑉 ( 𝐤 ) 𝑒 

𝑖 𝐤 ⋅𝐫 d 𝐤 . (10)

or isotropic media, the spectral density only depends on 𝑘 = |𝐤 | and, as

 consequence of (6) , its decay in the large- k limit is controlled by the

xact following power-law form: 

̃
𝑉 
( 𝐤 ) ∼ 𝛾( 𝑑) 𝑠 

𝑘 𝑑+1 
, 𝑘 → ∞, (11)

here 

( 𝑑 ) = 2 𝑑 𝜋( 𝑑−1 ) ∕2 Γ( ( 𝑑 + 1 ) ∕2 ) 𝛽( 𝑑 ) (12) 

s a d -dimensional constant and 𝛽(d) is given by (7) . 
.2. Volume-fraction fluctuations and hyperuniformity 

A hyperuniform point process in d -dimensional Euclidean space ℝ 

𝑑 

s one in which the variance associated with the number of points

ithin a spherical observation window of radius R grows more slowly

han R 

d (i.e., window volume) in the large- R limit ( Torquato and Still-

nger, 2003 ). Equivalently, it is one in which the structure factor 

( 𝐤 ) ≡ 1 + 𝜌ℎ̃ ( 𝐤 ) (13)

ends to zero as the wavenumber 𝑘 ≡ |𝐤 | tends to zero ( Torquato and

tillinger, 2003 ), where ℎ̃ ( 𝐤 ) is the Fourier transform of the total cor-

elation function ℎ ( 𝐫) = 𝑔 2 ( 𝐫) − 1 and g 2 ( r ) is the standard pair corre-

ation function. Typical disordered systems, such as liquids and struc-

ural glasses, possess local number variances that grow as the window

olume, that is, proportional to R 

d . All perfect crystals and many per-

ect quasicrystals are hyperuniform. Moreover, there are special disor-

ered systems that are hyperuniform. They are exotic ideal states of

morphous matter have attracted great attention because they have

haracteristics that lie between a crystal and liquid; they are like per-

ect crystals in the way they suppress large-scale density fluctuations

nd yet are like liquids or glasses in that they are statistically isotropic

ith no Bragg peaks and hence lack any conventional long-range order

 Torquato, 2018a ). These unusual attributes can endow disordered hy-

eruniform systems with novel optical, mechanical and transport prop-

rties ( Torquato, 2018a; Ding et al., 2018 ). 

The hyperuniformity concept was generalized to the case of two-

hase heterogeneous materials ( Zachary and Torquato, 2009 ). Here the

hase volume fraction fluctuates within a finite-sized spherical window

f radius R (see Fig. 2 ), which can be characterized by the local volume-

raction variance 𝜎2 
𝑉 
( 𝑅 ) , which in turn can be related to the autocovari-

nce function as follows ( Lu and Torquato, 1990 ): 

2 
𝑉 
( 𝑅 ) = 

1 
𝑣 ( 𝑅 ) ∫ 𝑑 

𝜒
𝑉 
( 𝐫 ) 𝛼( 𝑟 ; 𝑅 ) 𝑑 𝐫 , (14) 
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Fig. 3. A schematic that shows the ranking of some selected hyperuniform pack- 

ings, including the BCC, FCC, SC, diamond and disordered stealthy packing, ac- 

cording to the order metric 𝐵 𝑉 . Note that the BCC packing is the minimizer 

and the disordered stealthy packing can suppress volume-fraction fluctuations 

to a greater degree than that of the crystal diamond packing. The reader is re- 

ferred to Refs. Torquato and Stillinger (2003) ; Zachary and Torquato (2009) ; 

Torquato (2018a) and Torquato et al. (2015) for the quantitative basis of the 

rankings depicted here for these chosen structures. 
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here 𝛼( r ; R ) is intersection volume of two identical spheres of radius

 (scaled by the volume of a sphere) whose centers are separated by a

istance r , which is known analytically in any space dimension Torquato

nd Stillinger (2003, 2006) . The alternative Fourier representation of
2 
𝑉 
( 𝑅 ) was obtained in Ref. Zachary and Torquato (2009) : 

2 
𝑉 
( 𝑅 ) = 

1 
𝑣 1 ( 𝑅 )(2 𝜋) 𝑑 ∫ℝ 𝑑 𝜒𝑉 ( 𝐤 ) ̃𝛼( 𝑘 ; 𝑅 ) 𝑑𝐤 , (15)

here 𝛼̃( 𝑘 ; 𝑅 ) = (4 𝜋) 𝑑∕2 Γ(1 + 𝑑∕2) 𝐽 2 
𝑑∕2 ( 𝑘𝑅 )∕ 𝑘 𝑑 is the Fourier transform

f 𝛼( r ; R ) ( Torquato and Stillinger, 2003; Zachary and Torquato, 2009 )

nd J 𝜈( x ) is the Bessel function of the first kind of order 𝜈. 

For typical disordered two-phase media, the variance 𝜎2 
𝑉 
( 𝑅 ) for

arge R goes to zero like 𝑅 

− 𝑑 ( Lu and Torquato, 1990; Quintanilla and

orquato, 1997 ) and hence the value of R at which the product 𝜎2 
𝑉 
( 𝑅 ) 𝑅 

𝑑 

rst effectively reaches its asymptote provides a linear measure of the

epresentative elementary volume. However, for hyperuniform disor-

ered two-phase media, 𝜎2 
𝑉 
( 𝑅 ) goes to zero asymptotically more rapidly

han the inverse of the window volume, i.e., faster than 𝑅 

− 𝑑 , which is

quivalent to the following condition on the spectral density (defined in

ection 2 ): 

lim 

𝐤 |→0 
𝜒
𝑉 
( 𝐤 ) = 0 . (16)

Stealthy hyperuniform two-phase media are a subclass of hyperuni-

orm systems in which 𝜒
𝑉 
( 𝐤 ) is zero for a range of wave vectors around

he origin, i.e., 

̃
𝑉 
( 𝐤 ) = 0 for 0 ≤ |𝐤 | ≤ 𝐾, (17)

here K is some positive number. As in the case of hyperuniform point

onfigurations ( Torquato and Stillinger, 2003; Zachary and Torquato,

009; 2011; Torquato, 2018a ), there are three different scaling regimes

classes) when the spectral density goes to zero with the power-law

orm 𝜒
𝑉 
( 𝐤 ) ∼ |𝐤 |𝛼 that describe the associated large- R behaviors of local

olume-fraction variance: 

2 
𝑉 
( 𝑅 ) ∼

⎧ ⎪ ⎨ ⎪ ⎩ 
𝑅 

−( 𝑑+1) , 𝛼 > 1 (Class I) 

𝑅 

−( 𝑑+1) ln 𝑅, 𝛼 = 1 (Class II) , 

𝑅 

−( 𝑑+ 𝛼) , 0 < 𝛼 < 1 (Class III) 

(18)

here the exponent 𝛼 is a positive constant. Thus, the linear measure of

he representative elementary volume for a hyperuniform medium will

epend on the hyperuniformity class (scaling). 

Class I is the strongest hyperuniformity class, which includes all per-

ect periodic packings as well as some disordered packings, such as dis-

rdered stealthy packings described in Section 5.2.2 . We call a packing

n ℝ 

𝑑 a collection of nonoverlapping particles ( Torquato, 2018b ). While

ll class I have local volume-fraction variances that scale as 𝑅 

−( 𝑑+1) for

arge R , the coefficient 𝐵 𝑉 multiplying 𝑅 

−( 𝑑+1) is different among them

nd hence 𝐵 𝑉 provides a hyperuniformity order metric that can be used

o rank order different structures according to degree that they sup-

ress large-scale local volume-fraction fluctuations ( Torquato and Still-

nger, 2003; Zachary and Torquato, 2009; Torquato, 2018a; Torquato

t al., 2015 ). These previous results indicate that the body-centered cu-

ic (BCC) lattice packing in three dimensions has the smallest hyper-

niformity order metric 𝐵 𝑉 (most ordered with respect to this metric)

hen compared to other packings at the same number density and pack-

ng fraction. Fig. 3 schematically shows the ranking of this order metric

or some selected packings. We will see that the BCC packing plays a

pecial role in various problems described in this paper. 

In the case of a packing of identical spheres of radius a at number

ensity 𝜌, the spectral density 𝜒
𝑉 
( k ) is directly related to the structure

actor S ( k ) of the sphere centers ( Torquato, 2002a; 2016a ): 

̃ ( k ) = 𝜌 𝑚̃ 

2 ( 𝑘 ; 𝑎 ) 𝑆( k ) , (19)

𝑉 
here 𝑚̃ ( 𝑘 ; 𝑎 ) is the Fourier transform of a sphere indicator function

iven by 

̃  ( 𝑘 ; 𝑎 ) = 

( 2 𝜋𝑎 
𝑘 

)𝑑∕2 
𝐽 𝑑∕2 ( 𝑘𝑎 ) . (20) 

symptotic analysis of (20) for large values of k and comparison to re-

ation (11) reveals the expected result for the specific surface of any

acking of identical spheres, namely, 

 = 

3 𝜙2 
𝑎 
, (21)

here 𝜙2 is the packing fraction (fraction of space covered by the

pheres), which is given by 

2 = 𝜌𝑣 1 ( 𝑎 ) , (22)

nd 

 1 ( 𝑎 ) = 

𝜋𝑑∕2 𝑎 𝑑 

Γ(1 + 𝑑∕2) 
(23)

s the volume of a d -dimensional sphere of radius a . 

.3. Pore-Size distribution 

We also characterize the pore phase by determining the probabil-

ty F ( 𝛿) that a randomly placed sphere of radius 𝛿 centered in the pore

pace  1 lies entirely in  1 . By definition, 𝐹 (0) = 1 and 𝐹 (∞) = 0 . The

uantity F ( 𝛿) is the complementary cumulative distribution function

ssociated with the corresponding pore-size probability density func-

ion 𝑃 ( 𝛿) = − 𝜕𝐹 ( 𝛿)∕ 𝜕𝛿. At the extreme values of P ( 𝛿), we have that

 (0) = 𝑠 ∕ 𝜙1 and 𝑃 (∞) = 0 . The n th moment of the pore-size probability

ensity is defined by Torquato (2002a) 

𝛿𝑛 ⟩ ≡ ∫
∞

0 
𝛿𝑛 𝑃 ( 𝛿) 𝑑𝛿

= 𝑛 ∫
∞

0 
𝛿𝑛 −1 𝐹 ( 𝛿) 𝑑𝛿 . (24) 

e will be particularly interested in the mean pore size ⟨𝛿⟩ and the second

oment ⟨𝛿2 ⟩: 
𝛿⟩ = ∫

∞

0 
𝐹 ( 𝛿) d 𝛿 , (25)

𝛿2 ⟩ = 2 ∫
∞

0 
𝛿 𝐹 ( 𝛿) d 𝛿 . (26)

e will see that these characteristic length scales of the pore phase can

e related to certain diffusion properties of the porous medium. Note

hat the pore-size probability function F ( 𝛿) can be easily extracted from

D digitized images of real porous media ( Coker et al., 1996 ). 

For models of porous media consisting of distributions of identical

pheres of radius a (nonoverlapping or not), the complementary cumu-

ative pore-size distribution F ( 𝛿) is trivially related to the so-called void

xclusion probability E V ( r ) via the relation ( Torquato, 2002a ) 

 ( 𝛿) = 

𝐸 𝑉 ( 𝛿 + 𝑎 ) 
𝜙

, 𝛿 ≥ 0 . (27)

1 
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he exclusion probability E V ( r ) gives the probability that a test sphere

f radius r that is placed randomly in the medium does not contain any

phere center. The quantity 

 𝑉 ( 𝑟 ) = − 

𝜕𝐸 𝑉 ( 𝑟 ) 
𝜕𝑟 

. (28)

s the associated “void ” nearest-neighbor probability density function. 

. Local differential equations and effective transport properties 

.1. Formation factor and tortuosity of the pore space 

Consider a porous medium whose pore space  1 is filled with an

lectrically conducting fluid of conductivity 𝜎1 and a solid phase that is

erfectly insulating ( 𝜎2 = 0 ). At steady-state, the scaled electric field E

actual electric field divided by the modulus of the ensemble-averaged

lectric field) satisfies 

 ⋅𝐄 = 0 in  1 , (29)

 × 𝐄 = 0 in  1 , (30)

 ⋅𝐧 = 0 on 𝜕 1 , (31)

here n is the unit outward normal at the pore-solid interface 𝜕 1 . Ho-

ogenization theory provides the conditions under which the scaled

ffective conductivity of the porous medium 𝜎e / 𝜎1 has the well-known

energy ” representation: 

𝑒 ∕ 𝜎1 =  

−1 = ⟨𝐄 ⋅ 𝐄 ⟩, (32)

here  denotes the formation factor , which is the commonly em-

loyed designation for 𝜎1 / 𝜎e , and angular brackets denote an ensem-

le average. The formation factor  is a measure of the tortuosity of

he entire pore space, including topologically connected parts of the

ore space as well as disconnected portions (e.g., isolated pores). If the

ore space does not percolate, then  is unbounded or, equivalently,

𝑒 ∕ 𝜎1 = 0 . Roughly speaking, the formation factor  quantifies the de-

ree of “windiness ” for electrical transport pathways across a macro-

copic sample. 

.2. Diffusion (NMR) relaxation problem and effective time scales 

Nuclear magnetic resonance (NMR) relaxation times of porous me-

ia provide useful probes of the pore-phase microstructure ( Mitra et al.,

992; 1993; Bergman and Dunn, 1994; Sen and Hürlimann, 1994; Øren

t al., 2002 ). Let 𝑚 ( 𝐫 , 𝐭 ) denote the magnetization density at local posi-

ion 𝐫 and time t inside the pore phase  1 in which there are generally

aramagnetic impurities at the pore-solid interface 𝜕 that will tend

o demagnetize the diffusing particle when it strikes the interface. The

agnetization density obeys the time-dependent diffusion equation in

he pore region  1 
𝜕𝑚 

𝜕𝑡 
=  △ 𝑚 + 𝑚 𝑜 𝛿( 𝑡 ) in  1 , (33)

 

𝜕𝑚 

𝜕𝑛 
+ 𝜅𝑚 = 0 on 𝜕 . (34)

Here D is the diffusion coefficient, 𝜅 is the surface rate constant, △
s the Laplacian operator, m o is the initial magnetization density, and

( t ) is the Dirac delta function. In the diffusion-controlled regime, the

iffusing species takes a long time to diffuse to the pore–trap interface

elative to the characteristic time associated with the surface reaction.

or infinite surface reaction ( 𝜅 = ∞), the traps are perfect absorbers,

nd thus the interface condition is of the Dirichlet kind, with 𝑚 = 0 . On

he other hand, in the reaction-controlled regime, the characteristic time

ssociated with surface reaction is large compared with the diffusion

ime to the pore–trap interface. For vanishing surface reaction ( 𝜅 = 0 ),
he traps are perfect reflectors, and hence the interface condition is of

he Neumann kind, with 𝜕 𝑚 ∕ 𝜕 𝑛 = 0 . 
The solution of (33) and (34) can be expressed as an expansion

n orthonormal functions ( Torquato and Avellaneda, 1991 ). The dif-

usion relaxation times T n are inversely related to the eigenvalues 𝜆n 

y 𝑇 𝑛 = 1∕( 𝐷𝜆𝑛 ) . The survival probability S ( t ), which gives the fraction

f Brownian particles that survive until time t , is a monotonically de-

reasing function of time that is explicitly known to be an infinite sum

nvolving the entire spectrum of relaxation times ( Torquato and Avel-

aneda, 1991 ). The long-time behavior of the survival probability S ( t ) is

etermined by the largest or principal relaxation time T 1 , which in turn

s intimately linked to pore-size fluctuations. 

Using homogenization theory ( Rubinstein and Torquato, 1988 ), it

as shown that the mean survival time 𝜏, which is defined by 

= 

⟨𝑢 ⟩
𝜙1 𝐷 

, (35) 

here u is the scaled magnetization density satisfying the steady-state

iffusion equation: 

𝑢 = −1 in  1 , (36)

𝜕𝑢 

𝜕𝑛 
+ 𝜅𝑢 = 0 on 𝜕 . (37)

he mean survival time gives the average time for a Brownian particle

o survive before it gets trapped and, interestingly, can also be obtained

rom NMR relaxation, since it is the area under the survival time curve

 Torquato and Avellaneda, 1991 ), i.e., 

= ∫
∞

0 
𝑆( 𝑡 ) 𝑑𝑡. (38)

The times 𝜏 and T 1 are intimately linked to characteristic length

cales of the pore region. As in the case of the formation factor  , they

ccount for the entire pore space, whether topologically connected or

ot. Whereas the mean survival time 𝜏 is determined by the “average

ore size, ” the principal (largest) relaxation time T 1 is governed by dif-

usion occurring in the largest pores in the system. Torquato and Avel-

aneda (1991) have shown that the mean survival time 𝜏 is bounded

rom above and below in terms of the principal relaxation T 1 . For ex-

mple, the upper bound on 𝜏 is given by 

≤ 𝑇 1 . (39)

.3. Fluid permeability 

Homogenization theory was applied to show that the isotropic fluid

ermeability k arising in Darcy’s law of a random porous medium

an be expressed as the ensemble average of a scaled velocity field

 Rubinstein and Torquato, 1989 ). Specifically, the permeability is given

y 

 = ⟨𝐰 ⋅ 𝐞 ⟩, (40)

here w is scaled vector velocity field that satisfies 

𝐰 = 𝛁 𝜋 − 𝐞 in  1 , (41)

 ⋅ 𝐰 = 0 in  1 , (42)

 = 0 on 𝜕 , (43)

is a scaled pressure field and 𝐞 is a unit vector in the direction of the

pplied pressure gradient. 

Now consider the unsteady Stokes equations for the fluid velocity

ector field v ( r , t ) at position r and time t in  1 : 
𝜕𝐯 
𝜕𝑡 

= −∇ 

( 

𝑝 

𝜌

) 

+ 𝜈△ 𝐯 + 𝑣 0 𝐞 𝛿( 𝑡 ) in  1 (44)
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Fig. 4. Schematic of the optimal 2D multiscale “coated-cylinders ” model that 

realize the Hashin-Shtrikman bounds. In the case when phase 1 is conducting 

and phase 2 is perfectly insulating, phase 2 is the dispersed phase (shown in 

blue). (For interpretation of the references to colour in this figure legend, the 

reader is referred to the web version of this article.) 
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 ⋅ 𝐯 = 0 in  1 (45)

 = 0 on 𝜕 . (46)

ere p ( r , t ) is the pressure, 𝜌 is the constant fluid density, 𝜈 is the

inematic viscosity, v 0 is a constant, and e is an arbitrary unit vector.

vellaneda and Torquato (1991) used the solutions of (44) –(46) , which

an be expressed as a sum of normal modes, to derive the first rigor-

us relation connecting the fluid permeability k to the formation factor

f the porous medium and a length scale  that is determined by the

igenvalues of the Stokes operator. Specifically, the fluid permeability

s exactly given by 

 = 

 

2 

 

, (47)

here  is a certain weighted sum over the viscous relaxation times Θn as-

ociated with the time-dependent Stokes equations (i.e., inversely pro-

ortional to the eigenvalues of the Stokes operator). The reader should

ote that the length scale  appearing in (47) absorbs a factor of 8 com-

ared to the definition L given in Ref. Avellaneda and Torquato (1991) ;

pecifically,  = 𝐿 ∕8 . Avellaneda and Torquato (1991) also showed how

o explicitly relate the spectrum Θn to the dynamic fluid permeability

 ( 𝜔 ), where 𝜔 is the frequency associated with an imposed oscillatory

ressure gradient. 

. Microstructure-Dependent effective property estimates 

.1. Formation factor 

Rigorous upper and lower bounds have been derived on the effective

onductivity 𝜎e of two-phase media that incorporate various n -point cor-

elation functions; see Refs. Milton (2002) and Torquato (2002a) and

eferences therein. In the special case of a conducting fluid of phase

onductivity 𝜎1 and a perfectly insulating solid phase ( 𝜎2 = 0 ), one can

rivially extract the formation factor  defined by (32) . For example, a

ight lower bound on  for any such 3D porous medium that accounts

or up to four-point correlation function information can be obtained

rom Ref. Torquato (1985) : 

 ≥ 

1 + 

1 
2 
𝛾2 
𝜁2 

− 

1 
2 𝜁2 + 

(
1 
2 + 

1 
2 𝜁2 + 

1 
4 
𝛾2 
𝜁2 

)
𝜙2 

1 + 

1 
2 
𝛾2 
𝜁2 

− 

1 
2 𝜁2 + 

(
−1 + 

1 
2 𝜁2 − 

1 
2 
𝛾2 
𝜁2 

)
𝜙2 

, (48)

here the three-point microstructural parameter 𝜁2 is a certain

eighted integral that involves the correlation functions 𝑆 (2) 1 , 𝑆 
(2) 
2 and

 

(2) 
3 of phase 2 [cf. (2) ] and the four-point microstructural parameter 𝛾2 

s a certain weighted integral that involves the correlation functions 𝑆 (2) 1 ,

 

(2) 
2 , 𝑆 

(2) 
3 and 𝑆 (2) 4 . The reader is referred to Ref. Torquato (1985) for de-

ailed discussions of these parameters. The corresponding upper bound

n  diverges to infinity because it corresponds to microstructures in

hich the pore space is fully topologically disconnected. 

For a wide class of ordered and disordered packings in which the par-

icles form phase 2, theoretical arguments were presented to show that

he four-point parameter is equal to zero, to a very good approximation.

his conclusion together with (48) led to the following approximation

or such media in terms of the three-point parameter 𝜁2 ∈ [0, 1]: 

 ≈
2 + 𝜙2 − 𝜙1 𝜁2 
𝜙1 (2 − 𝜁2 ) 

. (49)

he high predictive power of this approximation and its more general

ounterpart that applies to the effective conductivity 𝜎e for any phase

ontrast ratio 𝜎2 / 𝜎1 ( Torquato, 1985 ) has been validated by computer

imulations of the effective conductivity of a variety of ordered and dis-

rdered dispersions of spheres in a matrix ( Torquato, 1985; Kim and

orquato, 1991; Robinson and Friedman, 2005; Gillman and Matou š ,

014; Gillman et al., 2015; Nguyen et al., 2016 ). 
Note that when 𝜁2 = 0 , relation (49) reduces to the optimal Hashin-

htrikman lower bound on  given the volume fraction and two-

oint correlation function information ( Hashin and Shtrikman, 1962;

orquato, 2002a ). The Hashin-Shtrikman upper and lower bounds on

he effective conductivity for arbitrary phase contrast ratios 𝜎2 / 𝜎1 are

ptimal because their effective conductivities are exactly realized by

ertain multiscale dispersions, including the “coated-spheres ” model in

hree dimensions and the “coated-cylinders ” model in two dimensions,

hich is depicted in Fig. 4 . Such two-phase media consist of compos-

te spheres, each of which is composed of a spherical core of one phase

dispersed phase) that is surrounded by a concentric spherical shell of

he other phase such that the fraction of space occupied by the dis-

ersed phase is equal to its overall phase volume fraction. The composite

pheres fill all space, implying that their sizes range down to the in-

nitesimally small. Interestingly, it has recently been proved that these

ighly degenerate optimal Hashin-Shtrikman multiscale dispersions are

yperuniform ( Kim and Torquato, 2019b; 2019a ) which apparently is

n important structural attribute to attain optimal effective conductivi-

ies and elastic properties ( Hashin and Shtrikman, 1963 ). 

.2. NMR Time scales 

The mean survival time 𝜏 for a general porous medium with porosity

1 = 1 − 𝜙2 is rigorously bounded from below according to Torquato

nd Avellaneda (1991) 

≥ 

⟨𝛿⟩2 
𝐷 

+ 

𝜙1 
𝜅 𝑠 
. (50)

here ⟨𝛿⟩ is the mean pore size defined by (25) and s is the specific

urface. In the diffusion-controlled limit in which 𝜅/ D → ∞, this lower

ound reduces to one first derived by Prager (1963) . 

The mean survival time is bounded from above by the following

eighted integral of the autocovariance function ( Torquato and Rubin-

tein, 1989 ): 
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𝜏 ≤ 

1 
𝜙1 𝜙

2 
2 

𝓁 2 
𝑃 
, (51)

here 

 

2 
𝑃 
= ∫

∞

0 
𝜒
𝑉 
( 𝑟 ) 𝑟𝑑𝑟. (52)

he inequality (51) has been referred as the two-point “void ” upper

ound on 𝜏 Torquato and Rubinstein (1989) . 

The two-point void bound has been generalized to treat two-

imensional media as well as dimensions higher than three

 Torquato, 2002a ). It has been shown that for the hyperuniform

coated-spheres ” model for 𝑑 = 3 and “coated-cylinders ” model for

 = 2 discussed in Section 4.1 and depicted in Fig. 4 , realize the

orresponding two-point void upper bound and hence maximize the

ean survival times among all microstructures that share the same

orosities 𝜙1 and and pore length scales 𝓁 P ( Torquato and Pham, 2004 ).

or general porous media, the two-point “interfacial-surface ” bound on

he mean survival time ( Doi, 1976; Rubinstein and Torquato, 1988 )

rovides an even tighter upper bound on 𝜏, which is briefly described

n the Appendix, including its new Fourier representation. 

Rigorous lower bounds on the principal relaxation time T 1 have been

erived for any value of the surface rate constant 𝜅. In the diffusion-

ontrolled regime, asymptotic analysis of this lower bound yields 

 1 ≥ 

⟨𝛿2 ⟩
𝐷 

+ 

3 𝜙1 ⟨𝛿⟩2 
4 𝜅 𝑠 ⟨𝛿2 ⟩ , (53)

here ⟨𝛿2 ⟩ is the second moment of the pore-size function defined by

26) . Note that in the diffusion-controlled limit, this inequality reduces

o the result due to Prager (1963) . 

.3. Fluid permeability 

.3.1. Rigorous bounds 

The two-point “void ” upper bound on the fluid permeability of a

eneral porous medium with porosity 𝜙1 = 1 − 𝜙2 is given by 

 ≤ 

2 
3 𝜙2 2 

𝓁 2 
𝑃 
, (54)

here 𝓁 P is exactly the same length scale (52) that arises in the analo-

ous two-point void bound (51) on the mean survival time 𝜏. The two-

oint void bound (54) was originally derived by Prager (1961) with an

ncorrect constant prefactor. This prefactor was subsequently corrected

y Berryman and Milton (1985) and Rubinstein and Torquato (1989) us-

ng different variational approaches. 

The two-point void bound (54) on the fluid permeability has been

eneralized to treat two-dimensional media as well as dimensions higher

han three ( Torquato, 2002a ). It is noteworthy that for the hyperuniform

coated-cylinders ” model in two dimensions (see Fig. 4 ), the two-point

oid upper bound maximizes the permeability among all microstruc-

ures that share the same porosity 𝜙1 and pore length scale 𝓁 P ( Torquato

nd Pham, 2004 ). For general porous media, the two-point “interfacial-

urface ” bound on the fluid permeability ( Doi, 1976; Rubinstein and

orquato, 1988 ) provides an even tighter upper bound on k , which is

riefly described in the Appendix, including its new Fourier representa-

ion. 

.3.2. Rigorous cross-Property relations 

Torquato (1990) derived the first rigorous relation connecting the

uid permeability tensor to an effective diffusion parameter, namely,

he mean survival time 𝜏 associated with steady-state diffusion of “re-

ctants ” in the fluid region of a porous medium containing perfectly ab-

orbing pore walls, i.e., infinite surface rate constant 𝜅 (see Section 3.2 ).

his takes the form of an inequality and its scalar version, valid for ar-

itrary isotropic media, bounds the fluid permeability k from above in

erms of 𝜏: is given by 

 ≤ 𝐷 𝜏 𝜙 . (55)
1 
here D is the diffusion coefficient and 𝜙1 is the porosity. The upper

ound (55) becomes an equality for transport interior to parallel tubes of

rbitrary cross-section (in the direction of the tubes). This cross-property

ound is relatively tight for flow around dilute arrays of obstacles, but

ot for a high concentration of obstacles. The latter instance highlights

he fact that the mean survival time 𝜏 cannot distinguish between pore

hannels involving significant momentum transport from those involv-

ng little or no momentum transport. Moreover, for any disconnected

ore space, k is zero while 𝜏 is nonzero. Note that in the more general

ase of partially reflecting pore walls ( 𝜅 < ∞), 𝜏( 𝜅) > 𝜏 ≡ 𝜏( ∞), and

ence one has the generally weaker inequality 

 ≤ 𝐷 𝜏( 𝜅) 𝜙1 . (56)

Using the characteristics of the Stokes operator, Avellaneda and

orquato (1991) derived sharper cross-property bounds relating the per-

eability to viscous and diffusion time scales as well as the formation

actor. Specifically, they proved that 

 ≤ 

𝜈Θ1 
 

(57) 

here 𝜈 is the kinematic viscosity and Θ1 is the principal (largest) vis-

ous relaxation time, as discussed in Section 3.3 . They showed that since

Θ1 ≤ DT 1 , where T 1 is the principal (largest) diffusion relaxation time

see Section 3.2 ), the previous bound leads to the following somewhat

eaker bound for arbitrary 𝜅: 

 ≤ 

𝐷𝑇 1 
 

. (58)

t immediately follows from (47) and (58) that exact length scale  is

ounded from above in terms of T 1 according to 

 

2 ≤ 𝐷𝑇 1 . (59)

s noted earlier, T 1 can be obtained from NMR experiments. Thus, via

nequality (58) , the permeability is related to purely diffusional trans-

ort parameters, i.e., T 1 and  , which can be readily measured. 

It has been shown that (58) provides relatively accurate estimates of

he permeability of versatile grain-consolidation models ( Torquato and

im, 1992 ). Since T 1 is closely related to the second moment of the pore-

ize function [see (53) ], the accuracy of the estimate (58) highlights

he importance of the second moment ⟨𝛿2 ⟩ of the pore-size probability

ensity function in determining the square of the exact length scale 
nd hence the fluid permeability of certain porous media, as will be

laborated below. 

. Model microstructures and their structural characteristics 

We study and characterize a variety of different models of hyper-

niform and nonhyperuniform porous media: ordered and disordered

ackings of spheres, overlapping spheres, and Debye random media. Of

articular interest is the spectral density 𝜒
𝑉 
( 𝐤 ) and pore-size probabil-

ty function F ( 𝛿) for these models. In most of the cases, these statistical

escriptors can be obtained as closed-form analytical expressions. 

.1. Nonhyperuniform disordered models 

We study three different nonhyperuniform disordered model mi-

rostructures: equilibrium packings, overlapping spheres, and Debye

andom media. 

.1.1. Equilibrium packings 

Equilibrium (Gibbs) ensembles of identical hard spheres of radius a

ansen and McDonald (1986) and Torquato (2018b) are examined. In

articular, we consider such disordered packings along the stable disor-

ered fluid branch in the phase diagram ( Torquato, 2002a; 2018b ). All

uch states are nonhyperuniform. 
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.1.2. Overlapping spheres 

Systems of particles whose centroids are uncorrelated (Poisson dis-

ributed) that can fully overlap are useful models of heterogeneous me-

ia ( Weissberg, 1963; Torquato, 2002a ). Here we focus on the case in

hich the particles are identical spheres of radius a at number density 𝜌,

hich we henceforth refer to as overlapping spheres . It is well-known that

he autocovariance function of identical overlapping spheres in three di-

ensions is given by Weissberg (1963) and Torquato (2002a) 

𝑉 
( 𝑟 ) = exp 

[ 
− 𝜂

( 

1 + 

3 𝑟 
4 𝑎 

− 

𝑟 3 

16 𝑎 3 

) ] 
− exp (−2 𝜂) (60)

or r ≤ 2 a and zero otherwise, where 𝜂 = 𝜌4 𝜋𝑎 3 ∕3 = − ln 𝜙1 is a reduced

ensity, and its specific surface is 

 = 

3 𝜙1 𝜂
𝑎 

. (61)

t is noteworthy that the particle phase percolates for 0.29 ≤ 𝜙2 ≤ 1

 Rintoul and Torquato, 1997 ), while the pore phase percolates for

 ≤ 𝜙2 ≤ 0.97 ( Elam et al., 1984; Rintoul, 2000 ). Thus, the overlapping-

pheres model is bicontinuous (both phases simultaneously percolate)

or 0.29 ≤ 𝜙2 ≤ 0.97. 

.1.3. Debye random media 

Debye et al. Debye et al. (1957) hypothesized that the following au-

ocovariance function characterizes isotropic random media in which

he phases form domains of “random shape and size ”: 

𝑉 
( 𝑟 ) = 𝜙1 𝜙2 exp (− 𝑟 ∕ 𝑎 ) , (62)

here a is a characteristic length scale. However, many years passed

ince the publication of this work before it was shown that such auto-

ovariances are actually realizable by two-phase media. In two dimen-

ions, it was shown that Debye random media are realizable ( Stoyan

t al., 1995; Yeong and Torquato, 1998a ). Theoretical analyses indi-

ate that such media are realizable in three and higher dimensions

 Jiao et al., 2007 ), but no such explicit constructions have heretofore

een identified. Motivated by the implications of our analysis of rigorous

ermeability estimates in the present work, we provide a 3D realization

f a Debye random medium; see Section 6.3 . 

The Taylor expansion of (62) about 𝑟 = 0 and comparison to (6) re-

eals that the specific surface s of a Debye random medium in any space

imension is given by 

 = 

𝜙1 𝜙2 
𝛽( 𝑑) 𝑎 

. (63)

For 𝑑 = 3 , our main interest in this paper, this formula yields 

 = 

4 𝜙1 𝜙2 
𝑎 

. (64)

.2. Hyperuniform model microstructures 

We also consider hyperuniform packings of identical spheres of ra-

ius a with packing fraction 𝜙2 , including ordered and disordered vari-

ties. 

.2.1. Lattice packings 

We study nonoverlapping spheres arranged on the sites of simple cu-

ic (SC), face-centered cubic (FCC) and body-centered cubic (BCC) lat-

ices ( Ashcroft and Mermin, 1976; Chaikin and Lubensky, 1995; Conway

nd Sloane, 1998 ). Such ordered packings which are necessarily hype-

uniform and stealthy ( Torquato and Stillinger, 2003; Torquato et al.,

015 ). Such idealized packing models are useful, since their transport

roperties can be determined exactly, in principle. 

Subsequently, we show that the BCC lattice, which is known to be

ptimal for various problems that arise in many-body physics ( Torquato

nd Stillinger, 2003 ) and discrete geometry ( Conway and Sloane, 1998;

orquato, 2010 ), has a special status in the case of fluid permeability
hen the sites of the BCC lattice are decorated with identical nonover-

apping spheres. For example, the BCC lattice is believed to be the point

onfiguration that minimizes a certain measure of large-scale density

uctuations ( Torquato and Stillinger, 2003 ). Moreover, the BCC lat-

ice provides the best known covering in three-dimensional space ℝ 

3 

 Conway and Sloane, 1998; Torquato, 2010 ). The covering problem asks

or the point configuration in d -dimensional Euclidean space ℝ 

𝑑 that

inimizes the radius of overlapping spheres circumscribed around each

f the points required to cover ℝ 

𝑑 . Finally, the BCC lattice also provides

he best known quantizer in ℝ 

3 ( Conway and Sloane, 1998; Torquato,

010; Klatt et al., 2019 ). The quantizer problem is concerned with find-

ng the point configuration in ℝ 

𝑑 that minimizes a “distance error ” asso-

iated with a randomly placed point and the nearest point of the point

rocess. 

It is noteworthy for what follows that the quantizer and cover-

ng optimization problems have been reformulated as certain ground-

tate problems involving the “void ” exclusion probability E V ( r ) Torquato

2010) , which was defined in Section 2.3 . For example, the quantizer

roblem minimizes the first moment of E V ( r ) or, equivalently, the sec-

nd moment of the associated nearest-neighbor probability function

 V ( r ) [cf. (28) ]. Since the first moment of E V ( r ) is directly connected to

he second moment ⟨𝛿2 ⟩ of the pore-size probability function (26) for

 packing, then it is expected that ⟨𝛿2 ⟩ among packings of identical

pheres at the same packing fraction is minimized by the BCC pack-

ng. All of these results suggest that the size of the largest probe sphere

hat can traverse the pore space of a packing in the infinite-volume limit

t packing fraction 𝜙2 is given by the BCC packing for 0 ≤ 𝜙2 ≤ 𝜙𝐵𝐶𝐶 max ,

here 𝜙𝐵𝐶𝐶 max = 

√
3 𝜋∕8 = 0 . 68017 … is the maximum packing fraction for

he BCC lattice consistent with the nonoverlap constraint. Note that the

orresponding maximum packing fractions for SC and FCC lattices are
𝑆𝐶 
max = 𝜋∕6 = 0 . 52359 … and 𝜙𝐹𝐶𝐶 max = 𝜋∕ 

√
18 = 0 . 74048 … , respectively

 Conway and Sloane, 1998 ). 

.2.2. Disordered packings 

We consider two different disordered hyperuniform packing mod-

ls. The first is a maximally random jammed (MRJ) packing, which can

e regarded to be the most random packing subject to strict jamming

onstraint ( Torquato et al., 2000; Torquato, 2018b ). This jamming con-

ition implies that each sphere is in contact with its nearest neighbors

uch that there can be no “collective ” particle motions that lead to un-

amming, and they are stable against both uniform compression and

hear deformations. 

We also study “stealthy ” packings, which are disordered and hype-

uniform, and hence have spectral densities that satisfy the condition

17) , where K is the exclusion sphere radius in Fourier (reciprocal) space.

uch packings have been created by decorating stealthy point config-

rations, generated via the so-called collective-coordinate optimization

echnique ( Uche et al., 2004; Batten et al., 2008; Zhang et al., 2015 ),

y spheres of radius a such that spheres cannot overlap ( Zhang et al.,

016b ). Disordered stealthy point configurations generated by this op-

imization procedure are actually classical ground states of systems of

articles interacting with bounded long-ranged pair potentials. 

The control parameter is the exclusion sphere radius K . When K is

ufficiently small compared to the number of degrees of freedom, the

round states are disordered, stealthy and highly degenerate. However,

hen K reaches a certain critical value, there is a phase transition to

rdered ground states. It is noteworthy that at the highest value of K in

hree dimensions, the ground state is uniquely the BCC lattice ( Torquato

t al., 2015 ). It is also remarkable that among all hyperuniform point

onfigurations in three dimensions, the BCC lattice is believed to be the

ne that minimizes large-scale density fluctuations ( Torquato and Still-

nger, 2003; Zachary and Torquato, 2009 ). We will see that these prop-

rties of the BCC lattice impart singular fluid permeability properties to

CC packings. 
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Fig. 5. Spectral densities for three different 

hyperuniform packing models: SC, MRJ and 

stealthy packings. 

Fig. 6. Spectral densities for three different nonhyperuniform models at 𝜙2 = 0 . 4 : Debye random media, overlapping spheres and equilibrium packings. 
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.3. Corresponding spectral densities and pore-Size statistics 

We note that for any periodic point configuration of N points within a

undamental cell of volume v F in three dimensions, the angular-averaged

tructure factor can be expressed as follows ( Torquato, 2018a ): 

( 𝑘 ) = 

8 𝜋3 
𝑣 𝐹 

∞∑
𝑗=1 

𝑍 𝑗 

4 𝜋𝑘 2 
𝛿( 𝑘 − 𝑞 𝑗 ) , (65)

here Z j is the number of points in reciprocal space at the Bragg-peak

avenumber q j and 𝛿( r ) is the radial Dirac delta function. The quanti-

ies Z j and q j are encoded in the theta series for the lattice ( Conway and

loane, 1998 ). Eq. (65) together with (19) yields the corresponding an-

lytical expression for the spectral density of general crystal packing of

dentical spheres of radius a : 

̃
𝑉 
( 𝑘 ) = 

3 𝜋𝜙2 
2 𝑎 3 𝑣 𝐹 

𝑚̃ 

2 ( 𝑘 ; 𝑎 ) 
∞∑
𝑗=1 

𝑍 𝑗 

𝑘 2 
𝛿( 𝑘 − 𝑞 𝑗 ) . (66)

his expression clearly reveals that lattice packings are stealthy [cf.

17) ] and hyperuniform. Since the envelope of 𝑚̃ 

2 ( 𝑘 ; 𝑎 ) is a rapidly de-

aying function of k , the weights of the delta functions decrease as k

ncreases, as shown in Fig. 5 for the case of the simple cubic lattice

ith 𝜙2 = 1∕2 . The spectral density for hyperuniform MRJ sphere pack-

ngs at 𝜙2 = 0 . 636 , determined from large-scale computer simulations

 Klatt and Torquato, 2016 ), as well as for a stealthy packing at 𝜙2 = 0 . 1 ,
re also shown in Fig. 5 . The latter is obtained using theoretically de-

ived approximation formulas for the structure factor for stealthy point

onfigurations ( Torquato et al., 2015 ), expression (19) and the numeri-

ally determined radii provided in Ref. Zhang et al. (2016b) . 

In Fig. 6 , we compare the spectral densities for the aforementioned

hree nonhyperuniform models, each at 𝜙2 = 0 . 4 . The spectral density

or Debye random media in any space dimension is given by 

̃
𝑉 
( 𝑘 ) = 

𝜙1 𝜙2 𝑐 𝑑 𝑎 
𝑑 

[1 + ( 𝑘𝑎 ) 2 ] ( 𝑑+1)∕2 
, (67)

here 𝑐 𝑑 = 2 𝑑 𝜋( 𝑑−1)∕2 Γ(( 𝑑 + 1)∕2) . The spectral density 𝜒
𝑉 
( 𝑘 ) for over-

apping spheres is straightforwardly obtained by taking the Fourier

ransform of (60) . For equilibrium hard spheres, the spectral density

t packing fraction 𝜙2 is obtained from Eq. (19) and the Percus-Yevick

pproximation ( Torquato and Stell, 1985; Torquato, 2002a ). 

The exact pore-size probability function F ( 𝛿) for each of the three

attice packings is easily obtained from exact results for the exclusion

robability E ( r ) ( Torquato, 2010 ) and then applying the mapping (27) .
V 
ince a test sphere of radius 𝛿c and larger cannot be inserted in a lattice

acking, F ( 𝛿) has compact support, i.e., 𝐹 ( 𝛿) = 0 for 𝛿 ≥ 𝛿c . The pore-

ize function F ( 𝛿) for the MRJ packing has been determined from large-

cale computer simulations in Refs. Donev et al. (2005) and Klatt and

orquato (2016) From recent theoretical and computer-simulation stud-

es of the exclusion probability of stealthy systems ( Torquato et al.,

015; Zhang et al., 2016a ), we can extract the pore-size function F ( 𝛿)

or disordered stealthy packings. It follows that since disordered stealthy

oint configurations have the property that E V ( r ) has compact support

 Zhang et al., 2017; Ghosh and Lebowitz, 2018 ), an unusual behavior for

 disordered system, the pore-size function F ( 𝛿) of a disordered stealth

acking of identical spheres will also have compact support. Using accu-

ate formulas for the exclusion probability E V ( r ) ( Torquato et al., 1990 ),

he pore-size function F ( 𝛿) has been determined for equilibrium hard

pheres ( Torquato, 2002a ) using (27) . In three dimensions, the pore-

ize probability for overlapping spheres is exactly given by Torquato

2002a) 

 ( 𝛿) = 

1 
𝜙1 

exp 
[
− 𝜂(1 + 𝛿∕ 𝑎 ) 3 

]
. (68)

Note that (68) (has infinite support, which implies that the pore space

ossesses arbitrarily large “holes ” in the infinite-volume limit. This char-

cteristic of nonhyperuniform overlapping spheres applies as well to

onhyperuniform equilibrium packings ( Torquato, 2002a ), which has

mportant implications for NMR time scales, as described in the next

ection. This is due to the fact the pore-size function F ( 𝛿) in each of these

onhyperuniform models has infinite support; It is noteworthy that the

ore-size functions of Debye random media have yet to be determined. 

It is useful to compare the pore-size function of stealthy hyperuni-

orm packings to those of hyperuniform BCC packings and nonhyper-

niform overlapping spheres. Fig. 7 provides such a comparison of F ( 𝛿)

n a log scale at 𝜙2 . Not surprisingly, the two stealthy cases exhibit

imilar behaviors, i.e., F ( 𝛿) dropping precipitously as 𝛿 approaches its

aximum values, which is in stark contrast to the very gradual drop of

 ( 𝛿) with 𝛿 for the overlapping-spheres case. 

. Estimates of effective properties for hyperuniform and 

onhyperuniform models 

.1. Formation factor 

In Fig. 8 , we compare the formation factor  as a function of 𝜙2 for

wo hyperuniform systems, BCC and stealthy packings, and two nonhy-
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Fig. 7. Comparison of the pore-size probability F ( 𝛿) for the BCC packing, 

stealthy hyperuniform packing and overlapping spheres at 𝜙2 = 0 . 2 . The BCC 

and stealthy cases are obtained from the void exclusion probability functions 

E V ( r ) presented in Refs. Torquato (2010) and Zhang et al. (2016b) and then 

applying the mapping (27) . The corresponding overlapping-spheres result is ob- 

tained from the analytical expression given in Ref. Torquato (2002a) . 

Fig. 8. Comparison of formation factor  as a function of 𝜙2 for two hyper- 

uniform systems (BCC and stealthy packings), and two nonhyperuniform sys- 

tems (equilibrium hard-sphere packings and overlapping spheres). The optimal 

Hashin-Shtrikman lower bound is also shown. 
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Fig. 9. Principal relaxation time T 1 versus 𝜙2 for BCC and a stealthy packing 

in the pure diffusion-controlled limit. By contrast, both nonhyperuniform over- 

lapping spheres and nonhyperuniform equilibrium packings have unbounded 

principal relaxation times, as discussed in the text. 
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eruniform systems, equilibrium hard-sphere packings and overlapping

pheres. Such a comparison has heretofore not been presented. We also

nclude the Hashin-Shtrikman lower bound to see how close these for-

ation factors are to being extremal. Data for the BCC and stealthy pack-

ngs are taken from numerical studies of the effective conductivity from

efs. McKenzie et al. (1978) and Zhang et al. (2016b) , respectively. The

ormation factor for equilibrium hard sphere packings was determined

rom a highly accurate microstructure-dependent approximation for-

ula (49) Torquato (1985) as well as computer-simulation data Kim and

orquato (1991) for the effective conductivity. Note that the formation

actors for the stealthy packings are effectively optimal, i.e., they are

he same as the Hashin-Shtrikman lower bound ( Zhang et al., 2016b )

o three significant figures and hence cannot be distinguished from one

nother on the scale of this figure. Not surprisingly, formation factors
or overlapping spheres deviate the most from the optimal lower bound

nd increasingly so as 𝜙2 increases. 

.2. NMR time scales 

Now we consider results for NMR time scales in the pure diffusion-

ontrolled limit, i.e., infinite surface reaction ( 𝜅 = ∞), implying perfect

bsorption at the trap-pore interface. Recently, the mean survival time 𝜏

nd principal relaxation time T 1 have been computed for stealthy pack-

ngs in which the particles are perfect absorbers ( Zhang et al., 2016b ).

n the present work, we compare them, for the first time, to earlier cor-

esponding results for BCC packings from a computer-simulation study

f Torquato and Kim (1992) . For brevity, it suffices here to report such

 comparison for T 1 ; see Refs. Zhang et al. (2016b) and Torquato and

tillinger (2002) for results for the means survival time. 

Fig. 9 shows a comparison of the principal relaxation time T 1 of a

tealthy packing at 𝜙2 = 0 . 2 to the corresponding result for a BCC pack-

ng. This figure also includes BCC results for other packing fractions. It

s seen that the stealthy packing has a principal relaxation time that is

ery nearly equal to that of the BCC packing at 𝜙2 = 0 . 2 . This is expected,

ince both systems are not only hyperuniform but stealthy, and hence

re characterized by appreciably diminished pore-size fluctuations, as

oted in Section 5.3 . In vivid contrast to these results is the fact that T 1 
or both nonhyperuniform overlapping spheres and nonhyperuniform

quilibrium packings become unbounded in the infinite-volume limit

orquato (1990) , since the pore space possesses arbitrarily large “holes ”

n this limit, as discussed in Section 5.3 . 

.3. Fluid permeability 

.3.1. Two-point void bound 

We utilize the two-point void bound (54) to infer how the permeabil-

ties of hyperuniform porous media perform relative to those of nonhy-

eruniform ones. However, it may be difficult to evaluate numerically

he integral in the direct-space formula (52) for the length scale 𝓁 P , since

he integrand of (52) can be both positive and negative due positive and

egative correlations that would be reflected in 𝜒
𝑉 
( 𝑟 ) . It becomes espe-

ially nontrivial to compute if 𝜒
𝑉 
( 𝑟 ) slowly converges, as in the case

f many hyperuniform media, where one must not only estimate 𝜒
𝑉 
( 𝑟 )

recisely but rely on a complex extrapolation technique known as 𝛼 con-

ergence ( Torquato and Stillinger, 2003; Klatt and Torquato, 2018 ) (see

lso the Appendix for additional details). 
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Table 1 

Two-point void upper bound on the dimensionless fluid permeability k / a 2 for 

various packings of identical spheres of radius a at selected values of the packing 

fraction 𝜙2 . This includes hyperuniform packings (3 lattice packings and stealthy 

packings) and nonhyperuniform equilibrium packings. The MRJ packing has 

the unique packing fraction of 𝜙2 ≈ 0.636. 3D stealthy packings do not exist 

at 𝜙2 = 0 . 5 and 0.636 ( Zhang et al., 2016b ). The maximum packing fraction for 

spheres arranged on a SC lattice is 𝜙2 = 𝜋∕6 = 0 . 5235 …. Equilibrium packings 

do not exist at 𝜙2 ≈ 0.636 ( Torquato, 2002a; 2018b ). 

Dimensionless permeability ka 2 

𝜙2 SC FCC BCC Stealthy MRJ Equilibrium 

0.1 0.9845 0.9519 0.9518 0.9970 — 1.7100 

0.2 0.3230 0.3024 0.3023 0.3360 — 0.5486 

0.5 0.04577 0.03461 0.03458 — 0.1551 

0.636 — 0.01424 0.01420 — 0.02047 —
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Table 2 

Two-point void upper bound on the dimensionless fluid perme- 

ability ks 2 for two nonhyperuniform models: overlapping spheres 

and Debye random media at selected values of the volume frac- 

tion 𝜙2 . The values of the specific surface s of the former and 

latter are given by (61) and (64) , respectively. 

Dimensionless permeability ks 2 

𝜙2 Overlapping spheres Debye random media 

0.1 0.1885 0.7776 

0.2 0.2870 1.0923 

0.3 0.3148 1.0976 

0.4 0.2911 0.9216 

0.5 0.2346 0.6667 

0.6 0.1629 0.4096 

0.7 0.0926 0.2016 

0.8 0.03738 0.06827 

0.9 0.006655 0.009600 
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Since it is crucial to capture accurately the long-range structural be-

avior of hyperuniform media [i.e., the tail of the autocovariance func-

ion 𝜒
𝑉 
( 𝑟 ) ], we derive here an alternative Fourier representation of the

elevant length scale 𝓁 P [cf. (52) ] that arises in the bound (54) . First,

e recall Parseval’s theorem for direct-space functions f ( r ) and g ( r ) with

ell-defined corresponding Fourier transforms 𝑓 ( 𝐤 ) and 𝑔̃ ( 𝐤 ) in three-

imensional Euclidean space: 

ℝ 3 
𝑓 ( 𝐫 ) 𝑔( 𝐫 ) 𝑑 𝐫 = 

1 
(2 𝜋) 3 ∫ℝ 3 𝑓 ( 𝐤 ) ̃𝑔 ( 𝐤 ) 𝑑 𝐤 . (69)

ow we let 𝑓 ( 𝐫) = 1∕(4 𝜋𝑟 ) and 𝑔( 𝐫) = 𝜒
𝑉 
( 𝑟 ) and recognize that the

ourier transform of f ( r ) exists in the sense of distributions, i.e., 𝑓 ( 𝐤 ) =
 

−2 . Thus, we find the alternative Fourier form of the length scale: 

 

2 
𝑃 
= 

1 
2 𝜋2 ∫

∞

0 
𝜒
𝑉 
( 𝑘 ) 𝑑𝑘. (70)

he analogous Fourier representation of the interfacial surface upper

ound on k is provided in the Appendix. 

Formula (70) has great advantages over the direct-space representa-

ion (52) . First, the integrand of (70) is always nonnegative and hence

ot subject to the aforementioned to the precision issues in evaluating

52) , where the medium is hyperuniform or not. Another advantage of

he Fourier representation (70) occurs when the autocovariance func-

ion 𝜒
𝑉 
( 𝑟 ) oscillates and slowly decays to zero, such as in crystal (pe-

iodic) packings. For a crystal packing of identical spheres of radius a ,

ombination of (19), (65) and (70) leads to the following expression for

he length scale 𝓁 P : 

 

2 
𝑃 
= 

𝜙2 
𝑣 𝐹 𝑣 1 ( 𝑎 ) 

∞∑
𝑗=1 

𝑍 𝑗 

𝑞 2 
𝑗 

𝑚̃ 

2 ( 𝑞 𝑗 ; 𝑎 ) . (71)

oreover, we see that truncation of the infinite series bounds the exact

esult from below, since each term in the series (71) is positive. 

In summary, the new formula (70) conveniently captures the long-

ange correlations without a complex extrapolation required to compute

52) accurately and hence more precise estimates can be obtained with

reater ease. It is quite versatile and easily applied to other models,

ncluding polydisperse sphere packings, for example. 

We employ the spectral densities of various packings of identical

pheres of radius a described in Section 5.3 to compute the correspond-

ng void bound on k using formula (70) for 𝓁 P . Specifically, the void

ound is calculated for the hyperuniform SC, FCC and BCC lattice pack-

ngs, disordered stealthy packings and MRJ packing as well as nonhype-

uniform equilibrium packings at selected values of the packing fraction

2 . These results are tabulated in Table 1 where the fluid permeability

s scaled by a 2 , the natural choice for nonoverlapping spheres of radius

 . Importantly, while the void bound is not very tight, it does provide

he proper ranking for the lattice packings for which we know the per-

eabilities accurately ( Sangani and Acrivos, 1982 ), namely, at fixed 𝜙2 ,

 SC packing has slightly higher value of k than a FCC packing, which
n turn is slightly higher than the permeability of a BCC packing. We

ee that the stealthy hyperuniform packings have permeabilities that

re slightly greater those of the SC packing, but much smaller than

he corresponding values for the nonhyperuniform equilibrium pack-

ng. Note also the permeability of the hyperuniform MRJ packing at

2 = 0 . 636 [which is in very good agreement with the numerical result

eported in Ref. Klatt and Torquato (2018) using the direct-space for-

ula (52) ] is not appreciably larger than the corresponding values for

he FCC and BCC packings at this packing fraction. Generally speaking,

elative to nonhyperuniform porous media, hyperuniform ones are ex-

ected to have velocity fields that are more uniform throughout the pore

pace. Indeed, a recent microfluidics study in two dimensions confirms

his conclusion ( Ding et al., 2018 ). Moreover, stealthy hyperuniform

ackings, which include all of the lattice packings and disordered ones,

annot tolerate large “holes ” for transport, and hence in each of these

ases, the velocity field over the pore space is highly delocalized and the

ntire pore space is more uniformly dynamically connected. Thus, one

xpects the fluid permeability to be lower in all of the stealthy cases

elative to the nonhyperuniform equlibrium instances in which the ve-

ocity field is more localized over the pore space due greater variability

n the geometry of the pore “channels ”. The degree of delocalization

f the velocity field in the case of hyperuniform porous media can be

igorously quantified by appealing to the generalization of the hyper-

niformity concept to vector fields ( Torquato, 2016b ). 

To get a visual sense of the distinctions between the pore space in hy-

eruniform versus nonhyperuniform porous media, we dilate the solid-

hase region radially in equilibrium, MRJ and disordered stealthy pack-

ngs so that the resulting pore space has a porosity of 1%. It is important

o recall that while the MRJ packing is hyperuniform, it is not stealthy.

he initial packing fractions are 𝜙2 = 0 . 25 , 𝜙2 = 0 . 2 and 𝜙2 = 0 . 636 for

he equilibrium, MRJ and stealthy disordered packings, respectively.

he resulting pore spaces are depicted in Fig. 10 . The large variability

n the size and shapes of the resultant pore regions in the nonhyperuni-

orm equilibrium case relative to those in the hyperuniform instances

s readily apparent. Moreover, the spatial distribution of the MRJ pore

egions are less “uniform ” than those of the disordered stealthy packing.

We also compute the two-point void bound for overlapping spheres

nd Debye random media, each of which depart appreciably from hype-

uniformity. In order to compare these two distinctly different models,

e utilize the square of the specific surface s 2 to scale the fluid perme-

bility. These results are tabulated in Table 2 . It is noteworthy that the

pper bound on the scaled permeability for Debye random media is gen-

rally substantially larger than that for overlapping spheres at the same

alue of 𝜙2 . This strongly suggests that Debye random media are charac-

erized by substantially larger pores (larger flow “channels ”) than those

n the overlapping-sphere model. Indeed, this is quantitatively corrob-

rated by the fact that the autocovariance function of Debye random



S. Torquato Advances in Water Resources 140 (2020) 103565 

Fig. 10. Void space after applying a dilation 

operation to three different sphere packings: 

A nonhyperuniform equilibrium packing (left 

panel), a hyperuniform MRJ packing (middle 

panel) and a disordered stealthy packing (right 

panel). Movies showing these structures as they 

rotate in three-dimensional space are provided 

in the Supplementary Material. 

Fig. 11. Left panel: 3D construction of a 

digitized two-phase medium consisting of 

51 × 51 × 51 voxels that corresponds to a Debye 

random medium at 𝜙1 = 𝜙2 = 1∕2 with an au- 

tocovariance function given by (62) with 𝑎 = 5 
in units of a voxels side length. Right panel: 3D 

realization of digitized system of overlapping 

spheres at the same resolution, system size, 

porosity and specific surface. 

Fig. 12. Comparison of computer-simulation data for the fluid permeability of 

BCC packings as a function of 𝜙2 to the predictions of formula (72) . 

Fig. 13. Estimates of the dimensionless fluid permeability k / a 2 as a function of 

𝜙2 predicted by formula (72) for the disordered stealthy, equilibrium, and BCC 

packings. 
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edia has infinite support [cf. ( 62 ], while that of overlapping spheres

as compact support [cf. (60) ]. As noted in Section 5.3 , the actual pore-

ize function (68) of overlapping spheres has infinite support, the pore

pace possesses arbitrarily large ‘holes ” in the infinite-volume limit. 

To verify whether this conclusion about the pore statistics of Debye

andom media can be inferred from the void bound, we have applied

he Yeong and Torquato (1998a) stochastic optimization construction

echnique to generate a digitized 3D Debye random medium with 𝜙2 =
∕2 (in a cube under periodic boundary conditions) in order to visualize

t. Such a digitized realization, in which the two phases are statistically

dentical, is shown in Fig. 11 . We also directly generated a corresponding

igitized realization of overlapping spheres by randomly placing spheres

n a cubic box under periodic boundary conditions at the same porosity,

pecific surface s and resolution. It is clear that each phase in the Debye

andom medium is characterized by large clusters and pore sizes that

re appreciably larger than those of its overlapping-sphere counterpart.

his speaks to the utility of the two-point void bound to infer nontrivial

icrostructural information about the porous medium. 

.3.2. New estimate of the fluid permeability 

While the two-point void bound (54) is able to capture the proper

rends of how the permeability changes as the microstructures varies,

t is not capable of providing sharp estimates of k . Let us assume there

xists a class of porous media in which the inequality (53) on T 1 in the

iffusion-controlled limit and the inequality (59) on  

2 can be treated

s equalities. Then, using the exact result (47) , we obtain the following

pproximation for the fluid permeability: 

 ≈
⟨𝛿2 ⟩
 

, (72)

hich implies that the exact length scale  that appears in the exact

elation (47) for the permeability is given by 

 

2 ≈ ⟨𝛿2 ⟩. (73)

To test the validity of formula (72) , we compare in Fig. 12 nu-

erical data for the fluid permeability of BCC packings obtained by

angani and Acrivos (1982) to the approximation formula (72) . We see

hat formula (72) provides an excellent approximation of the simula-

ion data of the fluid permeability. Thus, formula (72) should provide

elatively accurate predictions of the permeability for microstructures in
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Fig. 14. Fundamental cell (smallest periodic repeat unit) showing the interface 

of the Schwartz P minimal surface, which was conjectured by Jung and Torquato 

Jung and Torquato (2005) to maximize the fluid permeability at porosity 𝜙1 = 
1∕2 under the constraints described in the text. 
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hich the pore space is well connected, including equilibrium packings,

RJ packings and lattice packings in which the spheres are not neces-

arily monodisperse. We compare the predictions of formula (72) for

tealthy, equilibrium and BCC packings in Fig. 13 . Formula (72) for

quilibrium sphere packings was computed using previous results for

he effective conductivity ( Torquato, 1985; Kim and Torquato, 1991 )

nd ⟨𝛿2 ⟩ ( Torquato and Avellaneda, 1991 ). Note that the permeability

stimates for stealthy packings are substantially closer to those for the

CC packings, which is fully consistent with inferences we drew from

he behavior of the void bound. 

. Conclusions and discussion 

We have investigated and applied rigorous microstructure-property

elations to estimate effective transport characteristics of hyperuniform

nd nonhyperuniform models of fluid-saturated porous media, includ-

ng the formation factor  , mean survival time 𝜏, principal NMR (diffu-

ion) relaxation time T 1 , principal viscous relaxation time Θ1 , and fluid

ermeability k . Among other results, we derived a Fourier representa-

ion of the classic two-point upper bound on the fluid permeability that

epends on the spectral density to infer how the permeabilities of hy-

eruniform porous media perform relative to those of nonhyperuniform

nes. We found that the velocity fields in nonhyperuniform porous me-

ia are generally much more localized over the pore space compared

o those in their hyperuniform counterparts in which the velocity fields

re more uniform throughout the pore space. The fluid permeability

s expected to be lower in all of the stealthy hyperuniform cases rela-

ive to the nonhyperuniform equlibrium instances due to their greater

ariability in the geometry of the pore “channels ”. Our analysis of the

oid bounds on the permeability for the SC, FCC and BCC lattice pack-

ngs provides the first quantitative explanation for why the BCC lattice

acking minimizes the permeability among these crystal structures at

xed 𝜙2 . This bound also enabled us to correctly infer that nonhyper-

niform Debye random media should be characterized by substantially

arge pore regions, which was verified by constructing a realization of

uch a porous medium. Rigorous bounds on individual effective prop-
rties as well as cross-property relations suggested a new approximate

ormula (72) for the permeability given in terms of the formation factor

and the second moment ⟨𝛿2 ⟩ of the pore-size probability density, the

atter of which can be easily extracted from 3D digitized images of real

orous media ( Coker et al., 1996 ). Formula (72) provides reasonably

ccurate permeability predictions of the class of hyperuniform and non-

yperuniform porous media in which the pore space is well connected.

he permeability estimates for disordered stealthy hyperuniform pack-

ngs were shown to be substantially closer to those for the BCC packings,

hich is fully consistent with inferences we drew from the behavior of

he void bound. These comparative studies have shed new light on the

icrostructural characteristics that determine the transport properties

f general porous media. 

An outstanding problem for future research is the direct Stokes-flow

imulations of models of disordered hyperuniform porous media to de-

ermine their fluid permeabilities. Part of such a program could include

he creation of disordered hyperuniform pore network models of porous

edia at arbitrary porosities and the computation of their transport

roperties. Another interesting problem for future research is the de-

ermination of the pore-size functions of Debye random media. Since

here is a degeneracy of microstructures with an autocovariance func-

ion specified by (62) but with different higher-order statistics, the pore-

ize function of Debye random media will depend on the stochastic rules

o construct them. 

We note that our findings also have implications for the design of dis-

rdered hyperuniform porous materials with desirable transport prop-

rties. Specifically, such 3D porous media can be fabricated using 3D

dditive manufacturing techniques ( Kim and Torquato, 2019b ). 

We close this section with simple observations about an outstanding

ptimization problem posed by Jung and Torquato ( Jung and Torquato,

005 ) in the light of the hyperuniformity concept. They asked what

icrostructure(s) under periodic boundary conditions in a cubic fun-

amental (unit) cell of unit side length maximizes the isotropic fluid

ermeability k at some porosity? They focused on the case 𝜙1 = 1∕2 and

omputed the permeabilities of a variety of different candidate struc-

ures, including triply periodic minimal surfaces, due to their optimal-

ty for other physical properties ( Torquato et al., 2002; Torquato and

onev, 2004 ). They conjectured that the triply periodic two-phase bi-

ontinuous porous medium with an interface that is the Schwartz prim-

tive (P) minimal surface (see Fig. 14 ) maximizes the isotropic fluid per-

eability. This surmise follows from another conjecture that they put

orth and supported by calculations Torquato et al. (2002) and analysis

 Jung et al., 2007 ), namely, the Schwartz P structure has the minimal

pecific surface under the aforementioned constraints. This is still a fas-

inating open question and is a type of isoperimetric problem in the

ame spirit as Kelvin’s famous conjecture about foams ( Weaire and Phe-

an, 1994 ). Finally, we observe that the conjectured extremal Schwartz

 structure for the fluid permeability is stealthy and hyperuniform. 
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ppendix A. Two-Point Interfacial Surface Upper Bound 

The two-point surface correlation functions, such as the surface-

urface correlation function F ss ( r ), and surface-void correlation function

 sv ( r ) ( Torquato, 2002a ) are crucial in determining transport proper-

ies of porous media when the interface plays a major role, such as the

ean survival time and fluid permeability ( Doi, 1976; Rubinstein and

orquato, 1988; 1989 ). Until recently, the difficulty of sampling sur-

ace correlation functions of porous media has been a stumbling block

n their widespread use. It has recently been shown that one can reduce

he computational complexity of brute-force sampling, without sacrific-

ng accuracy, by extracting the necessary interfacial information from a

ut of a statistically homogeneous and isotropic d -dimensional medium

in continuous and discrete spaces) with an infinitely long line ( Ma and

orquato, 2018 ). 

The two-point “interfacial-surface ” upper bound on the isotropic

uid permeability ( Doi, 1976; Rubinstein and Torquato, 1989 ) is given

y 

 ≤ 

2 
3 
𝓁 2 
𝑆 
, (A.1)

here 

 

2 
𝑆 
= ∫

∞

0 

[ 

𝜙2 1 
𝑠 2 
𝐹 𝑠𝑠 ( 𝑟 ) − 

2 𝜙1 
𝑠 
𝐹 𝑠𝑣 ( 𝑟 ) + 𝐹 𝑣𝑣 ( 𝑟 ) 

] 

𝑟𝑑𝑟, (A.2)

here 𝐹 𝑣𝑣 ( 𝑟 ) ≡ 𝑆 (1) 2 ( 𝑟 ) . This bound is generally sharper than the void

ound (54) , which involves 𝑆 (1) 2 ( 𝑟 ) alone ( Doi, 1976; Rubinstein and

orquato, 1989 ). Analogously to the void bound, the direct-space

ormula (A.2) is numerically very challenging. Klatt and Torquato

2018) addressed these challenges to compute the interfacial surface

ound for disordered monodisperse sphere packings, including equilib-

ium and MRJ packings, by deriving the corresponding analytic formu-

as for finite samples. 

However, as in the case of the void bound, it is substantially easier

umerically to employ a Fourier-based formula, especially for hyper-

niform media. To derive the Fourier representation of the length scale

 S , we first define the relevant autocovariance functions for statistically

omogeneous media. Specifically, 

𝑆 
( 𝐫) = 𝐹 𝑠𝑠 ( 𝐫) − 𝑠 2 , (A.3)

s the autocovariance function associated with F ss ( r ), and 

𝑆𝑉 
( 𝐫) = 𝐹 𝑠𝑣 ( 𝐫) − 𝑠𝜙1 , (A.4)

s the cross-covariance function associated with F sv ( r ). The correspond-

ng spectral densities 𝜒
𝑆 
( 𝐤 ) and 𝜒

𝑆𝑉 
( 𝐤 ) are obtained by taking the

ourier transforms of 𝜒
𝑆 
( 𝐫) and 𝜒

𝑆𝑉 
( 𝐫) , respectively. Application of Par-

eval’s theorem in the integral (A.2) , yields its Fourier representation:

 

2 
𝑆 
= 𝓁 2 

𝑃 
+ 

1 
2 𝜋2 ∫

∞

0 

[ 

𝜙2 1 
𝑠 2 
𝜒
𝑆 
( 𝑘 ) − 

2 𝜙1 
𝑠 
𝜒
𝑆𝑉 

( 𝑘 ) 

] 

𝑑𝑘, (A.5)

here 𝓁 2 
𝑃 

is given by (52) . The same applies to the analogous two-point

nterfacial surface bound on the mean survival time ( Doi, 1976; Rubin-

tein and Torquato, 1988 ). 

upplementary material 

Supplementary material associated with this article can be found, in

he online version, at doi: 10.1016/j.advwatres.2020.103565 . 
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